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@ Cost Minimization and Payoff Maximization
© Pure Nash Equilibria (PNE)

© Mixed Nash Equilibria (MNE)

@ Correlated Equilibria (CE)

© Coarse Correlated Equilibria (CCE)
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A hierarchy of equilibrium concepts

even easier to compute

easy to compute

guaranteed to exist
but hard to compute

need not exist
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Cost Minimization and Payoff Maximization
Outline

@ Cost Minimization and Payoff Maximization
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Cost Minimization and Payoff Maximization

Cost-Minimization Games

A cost-minimization game has the following ingredients:
@ a finite number of k agents;

@ a finite set S; of pure strategies for each agent i;

@ a nonnegative cost function C;(s) for each agent i.
@ s€ 5 x5 x--- X S a strategy profile or outcome.

For example, the network creation game.
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Cost Minimization and Payoff Maximization

Payoff-Maximization Games

A payoff-maximization game has the following ingredients:

@ a finite number of k agents;

o a finite set S; of pure strategies for each agent i;

@ a nonnegative payoff function 7;(s) for each agent /.
@ sE S XS x -+ x S: astrategy profile or outcome.

For example, the Rock-Paper-Scissors game, two-party election game,
etc.
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© Pure Nash Equilibria (PNE)
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Equilibrium Concepts
Pure Nash Equilibria (PNE)

Pure Nash Equilibrium (PNE)

Pure Nash Equilibrium (PNE)
A strategy profile s of a cost-minimization game is a pure Nash equilibrium
(PNE) if for every agent i € {1,2,..., k} and every unilateral deviation
Sl{ S 5,',
Ci(s) < C,'(S,{,S_,').

@ s_;: the vector s with the jth component removed.
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© Mixed Nash Equilibria (MNE)
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Mixed Nash Equilibrium (MNE)

Mixed Nash Equilibrium (MNE)

Distributions o071, ..., 0k, over strategy sets S1,..., Sk respectively, of a
cost-minimization game constitute a mixed Nash equilibrium (MNE) if for
every agent i € {1,2,..., k} and every unilateral deviation s/ € S;,

ESNU[C,'(S)] < ESNU[Ci(Sl{as*i)]'

@ 0 the product distribution o1 X --- X 0.

10/22
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Mixed Nash Equilibria (MNE)

Product of Mixed Strategies

Player 2
0 q2 q3 —— probabilities
rock scissors paper
P1qa P1G2 P193
ookl 00 | 1,-1 | -1
i
e
q>'2 Pp2q1 P2q2 P24g3
] ) .
a P2 scissors | -1,1 0,0 1,-1
» P3q1 P3q2 P3q3 Lt potps=1.
b3 paper 1, -1 -1,1 0,0
l @1+gtg=1.
probabilities
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Correlated Equilibria (CE)
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@ Correlated Equilibria (CE)
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Equilibrium Concepts
Correlated Equilibria (CE)

Correlated Equilibrium (CE)

Correlated Equilibrium (CE)

A distribution o on the set S; x ... X S of outcomes of a
cost-minimization game is a correlated equilibrium (CE) if for every agent
i€{1,2,...,k} and every unilateral deviation s/ € S;,

Esvo[Ci(s) | si] < Eso[Ci(si,5-i) | si]-
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Correlated Equilibria (CE)

Stop or Go?

Matrix of costs

Stop Go
Stop 1,1 1,0
Go 0,1 55
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Correlated Equilibria (CE)

Stop or Go?
Matrix of costs
Stop Go
Stop 1,1 1,0
Go 0,1 55
@ Two PNEs.
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Equilibrium Concepts
Correlated Equilibria (CE)

Stop or Go?

Matrix of costs

Stop Go
prob. =0 prob. = 1/2
Stop ) )
prob. = 1/2 prob. =0
Go , ,

@ A CE for example.
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Equilibrium Concepts

Stop or Go?

Matrix of costs

Stop Go
prob. =0 prob. = 1/2
Stop 1,1 1,0
prob. = 1/2 prob. =0
Go 0,1 55

@ A CE for example.

@ Cannot correspond to a MNE.
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Game of Chicken

o A.k.a. Hawk-Dove Game.

o A model of conflict for two players.

Dare Chicken

Dare 0,0 7,2

Chicken 2,7 6,6
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Equilibrium Concepts

Game of Chicken

o A.k.a. Hawk-Dove Game.

o A model of conflict for two players.

Dare Chicken

Dare 0,0 7,2

Chicken 2,7 6,6

@ Two PNE & One MNE.
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Equilibrium Concepts

Game of Chicken

o A.k.a. Hawk-Dove Game.

o A model of conflict for two players.

Dare Chicken

Dare 0,0 7,2

Chicken 2,7 6,6

e Two PNE & One MNE.
@ The expected utility of each player in the MNE:
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Equilibrium Concepts

Game of Chicken

o A.k.a. Hawk-Dove Game.

o A model of conflict for two players.

Dare Chicken

Dare 0,0 7,2

Chicken 2,7 6,6

@ Two PNE & One MNE.

@ The expected utility of each player in the MNE:
1.2 2 1 2 2 f_ 14
373 71+33:2+3-3:6=73.
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Game of Chicken

@ A correlated equilibrium.

o Check that it is an equilibrium if a player is assigned “Dare”.
o Check that it is an equilibrium if a player is assigned “Chicken Out”.

Dare Chicken

prob. =0 prob. =1/3
Dare 0,0 7,2

. prob. =1/3 prob. =1/3
Chicken 2,7 6,6
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Game of Chicken

@ A correlated equilibrium.

o Check that it is an equilibrium if a player is assigned “Dare”.
o Check that it is an equilibrium if a player is assigned “Chicken Out”.

Dare Chicken
prob. = 0 prob. =1/3
Dare , ,
. prob. =1/3 prob. =1/3
Chicken

@ The expected utility for each player:
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Equilibrium Concepts

Game of Chicken

@ A correlated equilibrium.

o Check that it is an equilibrium if a player is assigned “Dare”.
o Check that it is an equilibrium if a player is assigned “Chicken Out”.

Dare Chicken
prob. = 0 prob. =1/3
Dare , ,
. prob. =1/3 prob. =1/3
Chicken

@ The expected utility for each player:
7-(1/3)+2-(1/3)+6-(1/3) =5.
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Coarse Correlated Equilibria (CCE)
Outline

© Coarse Correlated Equilibria (CCE)
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Coarse Correlated Equilibrium (CCE)

Coarse Correlated Equilibrium (CCE)

A distribution o on the set S; x ... x S of outcomes of a
cost-minimization game is a correlated equilibrium (CE) if for every agent
i€{1,2,...,k} and every unilateral deviation s € §;,

ESNJ[C;(S)] < ESNU[Ci(SI{aS*i)]'
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Equilibrium Concepts

Coarse Correlated Equilibrium (CCE)

Coarse Correlated Equilibrium (CCE)

A distribution o on the set S; x ... x S of outcomes of a
cost-minimization game is a correlated equilibrium (CE) if for every agent
i€{1,2,...,k} and every unilateral deviation s € §;,

ESNJ[C;(S)] < ESNU[Ci(SI{aS*i)]'

CE C CCE?
EswolCi(s)] = D Eswo[Ci(s) | si = a] Prls; = 3]
aEes;
< Z Es~o[Ci(si,s) | si = a] Pr[s; = a]
acs;

= Eswo[Ci(si,s-i)]
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CCE Example

A B C
prob. =1/3
A 1,1 -1,-1 0,0
prob. = 1/3
B -1,-1 1,1 0,0
prob. =1/3
C 0,0 0,0 -1.1,-1.1
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Equilibrium Concepts

CCE Example

A B C
prob. =1/3
A 1,1 -1,-1 0,0
prob. = 1/3
B -1,-1 1,1 0,0
prob. =1/3
C 0,0 0,0 -1.1,-1.1

@ The payoff for each player (playing according to this distribution):
lTai+ia1-laar=o03
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CCE Example

A B C
prob. =1/3
A 1,1 -1,-1 0,0
prob. = 1/3
B -1,-1 1,1 0,0
prob. =1/3
C 0,0 0,0 -1.1,-1.1

@ The payoff for each player (playing according to this distribution):
lTai+ia1-laar=o03

@ A player playing fixed A or B while the opponent randomized according to
this distribution: 1-1-1.1+1.0=0.
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CCE Example

A B C
prob. =1/3
A 1,1 -1,-1 0,0
prob. = 1/3
B -1,-1 1,1 0,0
prob. =1/3
C 0,0 0,0 -1.1,-1.1

@ The payoff for each player (playing according to this distribution):
lTai+ia1-laar=o03

@ A player playing fixed A or B while the opponent randomized according to
this distribution: 1-1-1.1+1.0=0.

@ A player playing fixed C while the opponent randomized according to thj
distribution: -0+ 3 -0+ §-(—1.1) <0. {
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CCE Example

@ A player playing fixed C and the strategy profile follows this distribution:

Joseph C.-C. Lin (CSIE, TKU, TW)

A B C
prob. =1/3
) -1,-1 0,0
prob. = 1/3
-1,-1 , 0,0
prob. =1/3
0,0 0,0 -1.1,-1.1
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CCE Example

A B C
prob. =1/3
A 1,1 -1,-1 0,0
prob. = 1/3
B -1,-1 1,1 0,0
prob. =1/3
C 0,0 0,0 -1.1,-1.1

@ A player playing fixed C and the strategy profile follows this distribution:
= deviation is possible.

o Not a CE.
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Coarse Correlated Equilibria (CCE)

A hierarchy of equilibrium concepts

even easier to compute

easy to compute

guaranteed to exist
but hard to compute

need not exist
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