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Moment Generating Functions

* Definition. The moment generating function of a random variable X is

Mx (t) = E[e™*].
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Moment Generating Functions

* Definition. The moment generating function of a random variable X is

Mx (t) = E[e'*].

EX"| =M &n) (0)  The nth derivative of Mx(t) at t = 0.
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Example

* Consider a geometric random variable X with parameter p.
* Fort<-In(1-p),

Mx(t) = E[e"]
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Example

* Consider a geometric random variable X with parameter p.

* Fort<-In(1-p),

Mx(t) = E[e¥] S MP () = p(1 = (1 —p)et)2e,
30— et MP ) = 2p(1—p)(1—(1-pe) e
et + p(1—(1—p)e") e
= 1%9};(1—]9)%%
= (= =pe) =)
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Example

* Consider a geometric random variable X with parameter p.

* Fort<-In(1-p),

Mx(t) = B[] S MP () =p(1 - (1 - p)e') 2,
= ) (1—p)*pett MO = 2p(1—p)(1— (1 — plet) e
et + p(1—(1—p)e") e
p
= T 20 o upe) =L Ee - P = 20
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MGF for sum of independent r.v.’s

* Theorem. If X and Y are independent random variables, then

Mx 4y (t) = Mx(¢) - My ()
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MGF for sum of independent r.v.’s

* Theorem. If X and Y are independent random variables, then

Mx 1y (t) = Mx(t) - My (t)

* Proof.

Mx .y (t) = E[e!&X )] = Ele!Xe!Y] = E[eX] - E[e'Y] = Mx (t) - My (¢).
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MGF for sum of independent r.v.’s

* Theorem. If X and Y are independent random variables, then

Mx 1y (t) = Mx(t) - My (t)

e Generalization:

Mx 4 Xot-+x,, (1) = Mx, (£) - Mx, (t) - - - Mx, (¢).
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Chernoft bounds:

Applying Markov’s inequality to e*

* From Markov’s inequality,

Herman Chernoff

For any t > O, FOI‘ any t < O, https://en.wikipedia.org/wiki/Herman_Chernoff
E tX E tX
Pr[X > a] = Pr[e!®* > €] < [et ] Pr[X < a] = Pr[e!* > €] < ]
etad eta
. E[e!X] . E[eX]
Pr[X >a] < min ——o—. Pr[X <a] < min — o
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Chernoft bounds:

Applying Markov’s inequality to e*

* From Markov’s inequality,

Herman Chernoff

For any t > O, FOI‘ any t < O, https://en.wikipedia.org/wiki/Herman_Chernoff
E tX E tX
Pr[X > a] = Pr[e!®* > €] < [et ] Pr[X < a] = Pr[e!* > €] < ]
eta eta
. E[e!X] . E[eX]
Pr[X >a] < min ——o—. Pr[X <a] < min — o

e Choose appropriate values for t for specific distributions.
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Chernoff bounds for sum of Poisson trials

e Poisson trials:

~ Bernoulli trials

> while the trials are not necessarily identical.

e Xi, ..., X,: independent Poisson trials with Pr[X; = 1] = p;.

e Let X:ZX,L-

1=1
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Chernoff bounds for sum of Poisson trials

e Poisson trials:

~ Bernoulli trials

> while the trials are not necessarily identical.

e Xi, ..., X,: independent Poisson trials with Pr[X; = 1] = p;.

e Let X:ZXZ-

1=1

ZX] =) EXi|=) »n
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Chernoff bounds for sum of Poisson trials

* For 6 > 0, we want to analyze the tail probabilities
Pr[X > (14 6)p] and Pr[X < (1 —9)u]
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Chernoff bounds for sum of Poisson trials

* For 6 > 0, we want to analyze the tail probabilities
Pr[X > (14 6)p] and Pr[X < (1 —9)u]

My, (t) = B[] L Mx(t) = ][ Mx. (1)
— piet 4+ (1 _pi)eO izl
= 1+pi(e —1) < er (¢ =1
< epi(e’=1) i=1
= exp {Zpi(et - 1)}
1=1
N L
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Chernoff bounds for sum of Poisson trials

e Theorem. Let Xj, ..., X,,be independent Poisson trials with Pr[X; = 1] = p..

Let X = » X, and s = E[X]. Then the following Chernoff bounds hold:

1=1

1. For § >0, ed H .
2. For0 <6<,

Pr[X > (1+8)u] < e /3
3. For R > 6,

Pr[X > R] <27 %,
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Chernoff bounds for sum of Poisson trials

Theorem. Let X3, ..

., X, be independent Poisson trials with Pr[X; = 1] = p,.

Let X = » X, and s = E[X]. Then the following Chernoff bounds hold:

1=1

1. For >0, el "
2. For0 <6<,

Pr[X > (1+8)u] < e /3
3. For R > 6,

Pr[X > R] <27 %,
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Chernoff bounds for sum of Poisson trials

* Applying Markov’s inequality for t > 0,

Pr[X > (146)u] = Prlet™ > et(+0n
E[etX]
< == 1
—  et(1+)u
e(et_l)luf
= et(1+d)n
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Chernoff bounds for sum of Poisson trials

* Applying Markov’s inequality for t > 0,

Pr[X > (146)u] = Prlet™ > et(+0n
E[etX]
< == 1
—  et(1+)u
e(et_l)luf
= et(1+d)n

* Foranyd >0, set t =1In(1+6) > O:

65 H
Pr[X > (14 6)u] < <(1 +5)(1+5)> .
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Chernoff bounds for sum of Poisson trials

g 2
* Applying Markov’s inequality fort >0, ¢ For0<é6<1, T g)(1+6) <e /37
_ tX t(14-6)
PriX =1+ 0l = Pr[[etx]z e ]  Taking logarithm of both sides:
Ele 52
< EICEE f(0) :=5f(1—|—5)1n(1—|—5)+§S0
e(et_l)luf
= et(1+d)n

* Foranyd >0, set t =1In(1+6) > O:

65 H
Pr[X > (14 6)u] < ((1 +5)(1+5)> .
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Chernoff bounds for sum of Poisson trials

g 2
* Applying Markov’s inequality fort >0, ¢ For0<é6<1, T Z) 55 < e % /37
_ X (1+9)
PriX =1+ 0l = Pr[[eiX]Z e O]  Taking logarithm of both sides:
Ele 52
< EICEE f(0) :=5f(1—|—5)1n(1—|—5)+§S0
ele’ —1)p f(6) =—In(1+9)+ 25,
= et +o)u pis)— 5 3
FO=-15"s

* Foranyd >0, set t =1In(1+6) > O:

65 H
Pr[X > (14 6)u] < ((1 +5)(1+5)> .
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Proof sketch

0
€ —6%/3
For0<é6<1, gy < ¢ /37

* Applying Markov’s inequality for t > 0,

_ tX t(140)p . . .
Pr[X > (1 +9)y] P];[[etX]Z € )  Taking logarithm of both sides:
€ 52
< S f(8) == 6-(1+0)In(L+0) + 5 <0
g (et =1)p F1(8)=—In(1+06) + %5,
- et(1+5)ﬂ 1" _ _L 2
f70) =5 )

* Foranyd >0, set t =1In(1+6) > O:

65 H
mmzu+®M§QLMWMJ.
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Chernoff bounds for sum of Poisson trials

Theorem. Let X, ..., X,,be independent Poisson trials with Pr[X; = 1] = p..

Let X = » X, and s = E[X]. Then the following Chernoff bounds hold:

1=1

For0<6<1,

65 H
Pr[X < (1-8)y] < ((1 - 5)(1_5>) -

PriX < (1—68)pu] < e H/2

v Therefore we have:
Pr||X — u| > op] < 2~ H"/3,
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Example: 75% heads in fair coin flips

o 1 if the ¢th coin flip is head
X; = .
0 otherwise

E[X,] = Pr[X; = 1] = % E[X] = ZE[XZ-] - g
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Example: 75% heads in fair coin flips

o 1 if the ¢th coin flip is head
X; = )
0 otherwise

E[X,] = Pr[X, = 1] = % E[X] =3 E[X,] =

* Try to use Chernoff bound!

PHX—E >ﬁ] < 2expl il 1y’
g 2l = 4] = “FP1 7392\ 2

S 26—7’1,/24.
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Example: 75% heads in fair coin flips

Previous bound using Chebyshev’s inequality:

o 1 if the ¢th coin flip is head
X; = )
0 otherwise

Example: 75% heads in fair coin flips

]_ n . x,—{ 1 if the ith coin flip is head
E[Xz] = PI'[XZ = 1] = 5 E[X] = ZE[X,L] = 5 {0 otherwise

E[X,] = Pi[X; = 1] = % E[X] =Y E[X, = g
i=1

. Actually, E[Xf] =E[X,] = %

Var[X/] = BIX?] - (BIX/)? = 5 — ;=

* Try to use Chernoff bound! Vst = Var 3] = -varix =

B " Var[X]  n/4
Pr(X 2 3n/4] < Pr{|X - BX]| 2 n/4) < To55 = T
2 Randomized Algorithms, CSIE, TKU, Taiwan 39
n n In /1
Pr[X——’ > —] < 2expq——=—=|=
2 4 32 \2

|3 el
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Example: 75% heads in fair coin flips

Previous bound using Chebyshev’s inequality:

o 1 if the ¢th coin flip is head
X; = )
0 otherwise

Example: 75% heads in fair coin flips

1 if the ith coin flip is head
X = .
0 otherwise

E[X;] = Pr[X; = 1] = ;

|
o
B
I
(]
o
Ix
I
| 3

: E[X)] = Pr[X; = 1] = % E[X] =) E[X)] = 3
= 1 i=1
. Actually, E[Xf] =E[X,] = %

Var[X/] = BIX?] - (BIX/)? = 5 — ;=

* Try to use Chernoff bound! var) < var [

= ZVar[Xi] =—.
i=1 =1 4

i Var[X]  n/4
Pr[X > 3n/4] < Pr[|X — E[X]| > n/4] < CIOERRCIE
2 Randomized Algorithms, CSIE, TKU, Taiwan 39
In (1
2exp ) ~35 | 5
n=50 n=100 n=200

< 2/n 0.2 0.02 0.01
e WA 0.125 0.016  0.00025

|3 el

J
=
>
|
E
\Y
|3
A
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Strengthen a weak classifier

* Suppose we have designed a device which can check in a very short
time if a diamond is real or fake and the accuracy is around 66% for
each examination.

* Such a device is somehow too weak to be used in practical.

Randomized Algorithms, CSIE, TKU, Taiwan

28



Strengthen a weak classifier

* Suppose we have designed a device which can check in a very short
time if a diamond is real or fake and the accuracy is around 66% for
each examination.

* Such a device is somehow too weak to be used in practical.

e Let say we run the device for n = 201 times for each examination and
output “True” if more than 101 of the results reveal that the diamond
is real and output “False” otherwise.
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Strengthen a weak classifier

* Suppose we have designed a device which can check in a very short
time if a diamond is real or fake and the accuracy is around 66% for
each examination.

* Such a device is somehow too weak to be used in practical.

e Let say we run the device for n = 201 times for each examination and
output “True” if more than 101 of the results reveal that the diamond
is real and output “False” otherwise. (majority vote)

Pr[X < n/2] = Pr [X - %n < —%] < e~ (@n/3)(1/H%(1/2) = o=n/48 - 0 016.

X, : 1if ith test is correct and 0 otherwise
Randomized Algorithms, CSIE, TKU, Taiwan 30



An application: Parameter Estimation

* Goal: evaluating the probability that a particular gene mutation occurs
in the population.

e Alab test can determine if a DNA sample carries the mutation.

* However, the test is very expensive, so we want to obtain a relatively
reliable estimate from a small number of samples.

. . . https://tinyurl.com/8fvvsnab
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An application: Parameter Estimation

* p: be the unknown value we try to estimate.
* n: the number of samples we have

* X =pn: number of samples having the mutation

°

OO0OO0O0 O O}
[ O 000 |
| OO.VOO\
000 o O |

[
| )

Randomized Algorithms, CSIE, TKU, Taiwan

32



An application: Parameter Estimation

* p: be the unknown value we try to estimate.
* n: the number of samples we have

* X =pn: number of samples having the mutation

°

OO0OO0O0 O O}
[ O 000 |
| OO.VOO\
000 o O |

[
| )

We expect the value p to be close to
the sampled value p
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An application: Parameter Estimation

* Definition. A 1-y confidence interval for a parameter p is an interval

such that
Prlpe[p—46, p+4]] >1—1.

We need to find values of ¢ and y such that

Prlp € [p—9, p+9]] = Prlnp € [n(p —0), n(p+0)]] =1 —1.
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An application: Parameter Estimation

e Apply the Chernoff bound:

Prlpg[p—9, p+4]] = Pr [X<’”’p<1_é>] P [X>np(1+§)]

b p
< e m(6/p)*/2 4 —np(3/p)*/3

2 2
_ €—n5 /2p +e—n5 /3p.
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An application: Parameter Estimation

e Apply the Chernoff bound:

Pelp¢ (56 p+3) = Pr|X<mp(1-2)]+Pr|X>m(147)

b p
< e m(/p)*/2 4 —np(3/p)*/3

2 2
_ 6—n5 /2p +6—n5 /3p.

* But we do not know the value of p, so it’s not useful...

e Takep<1, , ,
Prpé [p—0, p+0]] <e ™0 /240 /3
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An application: Parameter Estimation

e Apply the Chernoff bound:

Prlpg[p—9, p+4]] = Pr [X<’”’p(1_é>] P [X>np(1+§)]

b p
< e m(6/p)*/2 4 —np(3/p)*/3

2 2
_ €—n5 /2p +e—n5 /3p.

* But we do not know the value of p, so it’s not useful...

e Takep<1, , ,
Prip ¢ [p—0, p+0]] < e ™0 /24 m07/3,

—_— 2 — 2 .
Setting v = e~ /2 4 797 /3_ we obtain a trade-off between ¢ and n.
Randomized Algorithms, CSIE, TKU, Taiwan 37



Example

e Set v = 0.05, § = 0.03.

e—n(0.03)2/2 _|_€—n(0.03)2/3 < 26—n(0.03)2/3 < 0.05

= ¢ 0033 (025
= —n(0.03)?/3 < In(0.025) ~ —3.6889
= n > 3.6889 -3/(0.03)* ~ 12296.33.

Randomized Algorithms, CSIE, TKU, Taiwan
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The Hoeffding Bound

Wassily Hoeffding (1914-1991)

refer to https://tinyurl.com/mzz7x8pb

W ey
* Extending the Chernoff bound to general random variables with a bounded range.

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[BAX] < N (b—a)’/8
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The Hoeffding Bound

Wassily Hoeffding (1914-1991)

refer to https://tinyurl.com/mzz7x8pb

W ey
* Extending the Chernoff bound to general random variables with a bounded range.

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[BAX] < N (b—a)’/8

Hoeffding’s Bound: Let X, ..., X,, be independent random variables such that
for all 1 <i < n, Then for every A > 0, E|X;| = p and Prla < X; < b] = 1. Then

1 n
E;Xi_'u

Randomized Algorithms, CSIE, TKU, Taiwan 40
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The Hoeffding Bound

Wassily Hoeffding (1914-1991)

refer to https://tinyurl.com/mzz7x8pb

W ey
* Extending the Chernoff bound to general random variables with a bounded range.

Theorem: Let X;, ..., X, be independent random variables such that
E[X;] = p; and Prla; < X; < b;] =1 for constant a; and b;. Then,

n n
Pr [ZXZ —Z,ui
i=1

1=1

> 6] < 2¢72¢/ Tina(bima)®,
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Proofs

Randomized Algorithms, CSIE, TKU, Taiwan
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

* We assume a <0 and b > 0. (Why?)

* f(x) =e™is a convex function.

Randomized Algorithms, CSIE, TKU, Taiwan
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_ A

* We assume a <0 and b > 0. (Why?)

* f(x) =e™is a convex function.

— For any « € (0,1),
flaa+ (1 — a)b) < ae™ + (1 — a)e?.
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

* We assume a <0 and b > 0. (Why?)

* f(x) =e™is a convex function.
— For any a € (0,1),
flaa+ (1 —a)b) < ae™ + (1 — a)e?.

b
For x € [a,b], let a = ’

o then = aa + (1 — a)b
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

* We assume a <0 and b > 0. (Why?)

* f(x) =e™is a convex function.
— For any a € (0,1),
flaa+ (1 —a)b) < ae™ + (1 — a)e?.

b
For x € [a,b], let a = ’

o then = aa + (1 — a)b
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

E[GAX] < E [b_XeAa] +E [HGAb]

b—a b—a
o b EX] . a p, BIX] 5
 b—a b—ae b—a +b—a6
o b Y
a b—ae +b—ae '
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.
Then for every A > 0,

E[BAX] < ehz(b—a]2/8_

E[GAX]

E[bXe)\a] +E[X—aeAb]

b—a b—a
b o BIX] a BX] y
b—ae b—ae b—ae +b—ae
Aa a \p
b—ae +b—ae

b a
Aa o A(b—a)
¢ (b—a b—a’ >'
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

EeM] < E [bb__fe”l] +E [%e%]
_ b e  BIX] a a E[X]
- b—ae b—ae b—a6 +b—ae
_ b \a a
- ae + b— ae
b a oo\ -

_ Aa o A(b—a) o a

c (b "4 b—a" ) lete_b—a

= (1 -0+ 96>‘(b_“))
_ e—@A(b—a)(l .y + eek(b—a)).

Randomized Algorithms, CSIE, TKU, Taiwan
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

E[GAX] < E [b_Xe)\a] +E [uekb]

b—a b—a
_ b o EIX] y a y E[X]
- b—ae b—a6 b—a6 +b—ae
_ b a o
a b—ae +b—ae

b a
_ Aa . A(b—a)
c (b—a b—a’ )

= (1 -6 4 e 7))
_ 6—9)\(1)—(1)(1 — 0+ Hek(b—a))
ePA(b=a)) §
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

E[eM] < eP(A(b—a))

=
@
-+
ASS
—~
~
N—
I
|
D
™~
_|_
[a—
=
—~
—_
|
>
+
D
Q)
~
N—
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

E[eM] < eP(A(b—a))

=
@
-+
ASS
—~
~
N—
I
|
D
™~
_|_
[a—
=
—~
—_
|
>
+
D
Q)
~
N—

$(0) =0,¢'(0) =0, and ¢''(t) < 1/4 for all t.
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

E[eM] < eP(A(b—a))

gl
@
-+
-
—~
~
N~—
I
|
>
(Y
_|_
[a—
=
—~
—_
|
>
+
>
Q)
~
N~—

$(0) =0,¢'(0) =0, and ¢''(t) < 1/4 for all t.

1 1 /
o(t) = ¢(0) + t¢’(0) + 5752¢”(t’) < th, <¢— Taylor’s theorem, Vt > 0,3t" € [0, ]
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Proof of Hoeffding’s Lemma

Hoeffding’s Lemma: Let X be a random such that Pr[X € [a,b]] = 1 and E[X] = 0.

Then for every A > 0, E[e)“x} < 6)\2(5—&]2/8_

E[eM] < eP(A(b—a))

gl
@
-+
-
—~
~
N~—
I
|
>
(Y
_|_
[a—
=
—~
—_
|
>
+
>
Q)
~
N~—

$(0) =0,¢'(0) =0, and ¢''(t) < 1/4 for all t.

(1) = 6(0) +18/(0) + 326 (¢) < £
For t = A\(b — a),
PA(b —a)) <

A2 (b—a)?
3 :

Thus, E[GAX] < $N=a)) < A (0—a)? /8
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Proof of The Hoeffding’s Bound

Hoeffding’s Bound: Let X, ..., X,, be independent random variables such that
for all 1 <i<n, Then for every A > 0, E[X;] = 4 and Pr[a < X; < b] = 1. Then

1 n
Pr[—g X;i—
n
i=1

1 n
Let Z; = X;, — E|X; d Z=— Z;.
e [X;] an n;

Z 6] S 26—27162/(17—0,)2.

For any A > 0, by Markov’s inequality:
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Proof of The Hoeffding’s Bound

Hoeffding’s Bound: Let X, ..., X,, be independent random variables such that
for all 1 <i<n, Then for every A > 0, E[X;] = 4 and Pr[a < X; < b] = 1. Then

1 n
Pr[—g X;i—
n
i=1

1 n
Let Z; = X;, — E|X; d Z=— Z;.
e [X;] an n;

Z 6] S 26—27162/(17—0,)2.

For any A > 0, by Markov’s inequality:

E AZ "R NZi/n
PT[Z > 6] _ PI‘[eAZ > 6)\6] < [6}\ ] _ szl )[6 ]
ene ene
20p_a)2 /(8n2
B )
— eAe

6)\2 (b—a)?/8n

S e)\ﬁ
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Proof of The Hoeffding’s Bound

Hoeffding’s Bound: Let X, ..., X,, be independent random variables such that
for all 1 <i<n, Then for every A > 0, E[X;] = 4 and Pr[a < X; < b] = 1. Then

1 n
Pr[—g X;i—
n
i=1

1 n
Let Z;, = X; — E|X;| and Z = — Z;.
e [X;] an n;

Z 6] S 26—27162/(17—0,)2.

For any A > 0, by Markov’s inequality: Note: Z;/n € [(a — p)/n, (b — u)/n].
A2 (b—a)?/8n
e dne
Pr(Z > €] < ' = T
r[Z > €] < e Setting A h—a)?’
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Proof of The Hoeffding’s Bound

Hoeffding’s Bound: Let X, ..., X,, be independent random variables such that
for all 1 <i<n, Then for every A > 0, E[X;] = 4 and Pr[a < X; < b] = 1. Then

1 n
Pr[—g X;i—
n
i=1

1 n
Let Z; = X;, — E|X; d Z=— Z;.
e [X;] an n;

Z 6] S 26—27162/(17—0,)2.

For any A > 0, by Markov’s inequality:

6)\2 (b—a)?/8n

Pr(Z > €] < e

1< 2 2
Pr|{— X.—u>e| =Pr[Z>¢ <e2ne/0-a)
r[n; ,u_e] r[Z > ¢ <e
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Proof of The Hoeffding’s Bound

Hoeffding’s Bound: Let X, ..., X,, be independent random variables such that
for all 1 <i<n, Then for every A > 0, E[X;] = 4 and Pr[a < X; < b] = 1. Then

1 n
Pr[—g X;i—
n
i=1

1 n
Let Z; = X;, — E|X; d Z=— Z;.
e [X;] an n;

Z 6] S 26—27162/(17—0,)2.

1 n
o [_ZXZ — > 6] =PrlZ>¢<e 2ne’/(b—a)®
n 1=1
R Pz < duitha—_dne
=—aw ~ (b—a)?
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Exercise

Consider a collection X,...,X,, of n independent integers

chosen uniformly from the set {0, 1,2}.

Let X =) X;and 0 <6 <L
i=1
Derive a Chernoff bound for Pr[X > (1 + §)n] and Pr[X > (1 — d)n].
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Exercise

In an election with two candidates using paper ballots, each vote
is independently misreported with probability p = 0.02.

Use a Chernoff bound to give an upper bound on the probability

that more than 4% of the votes are misreported in an election of
1,000,000 ballots.
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