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Celebrity Games
Introduction

Celebrity games

@ A new model of network creation games.
@ Players have weights.
o There is a critical distance £3.

@ The cost incurred by a player:
* Establishing links;
* Sum of weights of players farther than the critical distance.
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Celebrity Games
Introduction

Celebrity games

@ A new model of network creation games.
@ Players have weights.

o There is a critical distance £3.

@ The cost incurred by a player:

* Establishing links;
* Sum of weights of players farther than the critical distance.

@ The celebrity game vs. the network creation game.
@ players’ weights.
o the distance cost of being disconnected,;
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Celebrity Games
Introduction

Basics (graph)

@ G = (V,E): an undirected graph.
@ dg(u,v): the distance between u and v in G.
o diam(u) = max,cv dg(u, v).
e diam(G) = max,cy diam(v).
@ For UC V, w(U) =3 ,cuXu-
* W=w(V).
@ Wmax = MaXyev Wy.

@ Wmin = MINycy Wy.
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Celebrity Games
Introduction

Basics (The model)

Celebrity Game

@ A celebrity game I is a tuple (V, (w,)uev, @, 8) where:
o V ={1,...,n} is the set of n players;
9@ wy, > 0 for each u € V is the weight of player u;
@ «a > 0 is the cost of establishing a link;
e B € [1l,n—1]: the critical distance.
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Celebrity Games
Introduction

Basics (The model)

Celebrity Game

@ A celebrity game I is a tuple (V, (w,)uev, @, 8) where:
o V ={1,...,n} is the set of n players;
9@ wy, > 0 for each u € V is the weight of player u;
@ «a > 0 is the cost of establishing a link;
e B € [1l,n—1]: the critical distance.

@ A strategy for player u: S, C V' \ {u}.
o S(u): the set of strategies for u.
@ A strategy profile: S = (51,...,5n).
@ S(I): the set of strategy profiles of I'.

@ Every strategy profile associates an outcome graph
G[S]=(V,{{u,v} [ue S, VveS).
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Celebrity Games
Introduction

Basics (cost & NE)

@ cu(S) = alSul + X1y des (uv)>5) Wo-
o C(S) =2 ,cvaull).
@ The cost difference A(S_,,S]) := c,(5-4,S,) — cu(S).
o (5_,,5)): S, is replaced by S|, the others remain unchanged.

@ Best response to S € S(I') for a player u:
a strategy S, € S(u) minimizing A(S_,, S)).

Nash equilibrium (NE)

Let I = (V,(wy)uev, @, B) be a celebrity game. A strategy profile S € S(I') is a
Nash equilibrium of T if

Yu e V, VS, € S(u), such that A(S_,,S]) > 0.

~
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Celebrity Games
Introduction

Basics (More on total cost)

@ For G = G[S],

c(G)

a|E(G)|+Z Z wy

ueV {v|dg(u,v)>p}

AE@I+ X ()

{(u,v)| u<v Adg(u,v)>B}
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Celebrity Games
Introduction

Basics (More on total cost)

@ For G = G[S],
C(6) = alE(G)+Y. > w
ueV {v|dg(u,v)>ps}

AE@I+ X ()

{(u,v)| u<v Adg(u,v)>B}

@ Particular cases:

e C(K,)=an(n—1)/2.
o C(lp) =W(n—-1)for g >1.
e C(ST,))=a(n—1)forl<pf<n-1, and

C(ST,) =a(n—1)+ (n—2)(W — w,), where c is the central
vertex, for g = 1.
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Celebrity Games
Introduction

Basics (PoS & PoA)

@ PoA(lN) = maxseNE(r) C(S)/opt().
N POS(r) = minseNE(r) C(S)/opt(r)
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Celebrity Games
Introduction

NP-hard for computing a best response

Proposition 1

Computing a best response for a player to a strategy profile in a celebrity game is
NP-hard.

@ Reduction from minimum dominating set.
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Celebrity Games
Introduction

Proof of Proposition 1

G =(V,E)
at

U2
U3

Vg
Us

U2

vy ‘ U
Us

V' =V U {u}

=2, a=15
Yo eV, w, =2
Sv, = {v2,v5}

Sv2 =0

Sus = {v1}

Sv4 = {U2}

Sps =0
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Celebrity Games
Introduction

Proof of Proposition 1 (contd.)

G:(V7E) V' =V u{u}
v v =2, a=15
W\ Yo eV, w, =2
V2 U2
Sy, = {v2, 05}
U3 U3 vy 2, U5
—(-
ACS % Sy =10
, u Svs = {Ul}
() U4‘
vy Us Suy = {v2}
Sps =10
Su = {7]171)2}

@ Let D C V be a strategy of u.
@ If D is a dominating set of G:
o c(S—u,D) = alD| + Tyey ggunm2 2 = lDl.
@ Otherwise,
cu(S—u, D) = a|D| + X scv duxy>22 > oDl + [{x € V | d(u,x) > 2}]).
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Celebrity Games

Social optimum and Nash equilibria

Social Optimum and Nash Equilibria
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Celebrity Games
Social optimum and Nash equilibria

Proposition 2

For a celebrity game I' = (V, (w,)uev, @, B), opt(I') = min{a, W}(n —1).

@ Let S € OPT(I') and G = GJ[S] with connected components Gi,..., G,.
o Vi =V(G), ki =|V;|, and W; = w(V;), for each i.

Joseph C.-C. Lin (Academia Sinica, TW) Celebrity Games 9 Sep 2016 13 / 55
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Social optimum and Nash equilibria

Proposition 2

For a celebrity game I' = (V, (w,)uev, @, B), opt(I') = min{a, W}(n —1).
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Celebrity Games
Social optimum and Nash equilibria

Proposition 2

For a celebrity game I' = (V, (w,)uev, @, B), opt(I') = min{a, W}(n —1).

@ Let S € OPT(I') and G = GJ[S] with connected components Gi,..., G,.
o Vi =V(G), ki =|V;|, and W; = w(V;), for each i.

@ Each G; must be a tree of diameter < (.

r

C(G) :Za(k,-—1)+ik,-(w— W) =a(n—r)+nW — ik,-W,-.

i=1 i=1 i=1
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Celebrity Games
Social optimum and Nash equilibria

Proposition 2

For a celebrity game I' = (V, (w,)uev, @, B), opt(I') = min{a, W}(n —1).

@ Let S € OPT(I') and G = GJ[S] with connected components Gi,..., G,.
o Vi =V(G), ki =|V;|, and W; = w(V;), for each i.

@ Each G; must be a tree of diameter < (.

r

C(G) :Za(k,-—1)+ik,-(w— W) =a(n—r)+nW — ik,-W,-.

i=1 i=1 i=1

@ 1<k<n—(r—1) WY kW <(n—r+1)W.
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Celebrity Games
Social optimum and Nash equilibria

Proposition 2

For a celebrity game I' = (V, (w,)uev, @, B), opt(I') = min{a, W}(n —1).

@ Let S € OPT(I') and G = GJ[S] with connected components Gi,..., G,.
o Vi =V(G), ki =|V;|, and W; = w(V;), for each i.

@ Each G; must be a tree of diameter < (.

r

C(G):Za(k,-—l)—s—ik,-(W— W) =a(n—r)+nW —

i=1 i=1

0 s1<k<n—(r—1) . WZ
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Celebrity Games
Social optimum and Nash equilibria

Proposition 2

For a celebrity game I' = (V, (w,)uev, @, B), opt(I') = min{a, W}(n —1).

@ Let S € OPT(I') and G = GJ[S] with connected components Gi,..., G,.
o Vi =V(G), ki =|V;|, and W; = w(V;), for each i.

@ Each G; must be a tree of diameter < (.

r

C(G):Za(k,-—l)—s—ik,-(W— W) =a(n—r)+nW —

i=1 i=1

@ '1<k<n—(r—1) W<
> a(n—r)+(r—1)W < C(G).
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Celebrity Games
Social optimum and Nash equilibria

Proposition 2

For a celebrity game I' = (V, (w,)uev, @, B), opt(I') = min{a, W}(n —1).

@ Let S € OPT(I') and G = GJ[S] with connected components Gi,..., G,.
o Vi =V(G), ki =|V;|, and W; = w(V;), for each i.

@ Each G; must be a tree of diameter < (.

r

C(G) :Za(k,-—1)+ik,-(w— W) =a(n—r)+nW — ik,-W,-.

i=1 i=1 i=1

@ 1<k<n—(r—1) WY kW <(n—r+1)W.
> a(n—r)+(r—1)W < C(G).

Consider the two cases below.
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Celebrity Games
Social optimum and Nash equilibria

Proof of Proposition 2 (contd.)

Recall that: a(n—r)+ (r —1)W < C(G) J

o Casel: > W.
o W(n—-1)<aln—r)+(r—1)W < C(G).
@ Since C(I,) = W(n—1) and G is optimal, then C(G) = W(n—1).

Joseph C.-C. Lin (Academia Sinica, TW) Celebrity Games 9 Sep 2016 14 / 55



Celebrity Games
Social optimum and Nash equilibria

Proof of Proposition 2 (contd.)

Recall that: a(n—r)+ (r —1)W < C(G) J

o Casel: > W.
o W(n—-1)<aln—r)+(r—1)W < C(G).
@ Since C(I,) = W(n—1) and G is optimal, then C(G) = W(n—1).

o Casell: o < W.
e a(n—1) < C(G).
@ Since C(ST,) = a(n—1) < C(G), then C(G) = a(n —1).
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Celebrity Games
Social optimum and Nash equilibria

Proposition 3

Every NE graph of a celebrity game ' = (V, (wy),ev, @, 3) is either
connected or the graph /.

G1 GQ
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Celebrity Games
Social optimum and Nash equilibria

Proposition 3

Every NE graph of a celebrity game ' = (V, (wy),ev, @, 3) is either
connected or the graph /.

G1 GQ

A(S_y,8,) >0
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Celebrity Games
Social optimum and Nash equilibria

Proposition 3

Every NE graph of a celebrity game I' = (V, (wy)ucv, @, ) is either
connected or the graph /.

Gy Go

S =S, \{z}, S, =85, =85, U{z}
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Celebrity Games
Social optimum and Nash equilibria

Proposition 3

Every NE graph of a celebrity game I' = (V, (wy)ucv, @, ) is either
connected or the graph /,,.

G N G @ do(v,u)=2<p =
G =G5, 5 ’ A(S-,,S)) < —A(S-4,S)) —w, <0

(=== Sis a NE).

S, =5,=28,U{z}
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

@ Every celebrity game I' = (V, (w,)yev, a, B) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ O > Wmax:
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

@ Every celebrity game I' = (V, (w,)yev, a, B) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ O > Wrax:
o Let G = G[S] = I,.
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

@ Every celebrity game I' = (V, (w,)yev, a, B) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ O > Wmax:
o Let G = G[S] = I,.
@ S, =0,Vue V.
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

@ Every celebrity game I' = (V, (w,)yev, a, B) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ (U > Wmax:
o Let G = G[S] = I,.
@ S, =0,Vue V.
o Consider u € V and S, # 0.
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

@ Every celebrity game I' = (V, (w,)yev, a, B) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ O > Wpmax!
o Let G = G[S] = I,.
@ S, =0,Vue V.
o Consider u € V and S, # 0.
o A(SL,,S)) =alS)| - ZVES"I Wy = Zveslg(a - w)>0.
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

o Every celebrity game I' = (V, (wy)ev, @, 5) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ o < Wmax:
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

o Every celebrity game I' = (V, (wy)ev, @, 5) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ o < Wmax:

o Let u be a vertex with w(u) = Wiax.
@ Let ST, be a star graph with u being the center.
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

o Every celebrity game I' = (V, (wy)ev, @, 5) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ o < Wmax:

o Let u be a vertex with w(u) = Wiax.
@ Let ST, be a star graph with u being the center.

@ 5,=0,and S, = {u}, Vv € V\ {u}.
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

o Every celebrity game I' = (V, (wy)ev, @, 5) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ o < Wmax:

o Let u be a vertex with w(u) = Wiax.
@ Let ST, be a star graph with u being the center.
@ S, =0,and S, = {u}, Vv e V\ {u}.
@ > 1= NO player gets a cost decrease by connecting to more players.
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

o Every celebrity game I' = (V, (wy)ev, @, 5) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ o < Wmax:

o Let u be a vertex with w(u) = Wiax.
@ Let ST, be a star graph with u being the center.
@ S, =0,and S, = {u}, Vv e V\ {u}.
@ > 1= NO player gets a cost decrease by connecting to more players.
o ForuZv, v +a<wy+Wnx <W = a<W-—-w,
(deleting any connection won't help).
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

o Every celebrity game I' = (V, (wy)ev, @, 5) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ o < Wmax:

o Let u be a vertex with w(u) = Wiax.
@ Let ST, be a star graph with u being the center.

@ 5,=0,and S, = {u}, Vv € V\ {u}.

@ > 1= NO player gets a cost decrease by connecting to more players.
@ Foruzv, wyt+a<w+Wnax <W =a<W-w,

(deleting any connection won't help).
@ I, can NOT be a NE graph.
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

o Every celebrity game I' = (V, (wy)ev, @, 5) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ o < Wmax:

o Let u be a vertex with w(u) = Wiax.
@ Let ST, be a star graph with u being the center.

@ 5,=0,and S, = {u}, Vv € V\ {u}.

@ > 1= NO player gets a cost decrease by connecting to more players.
@ Foruzv, wyt+a<w+Wnax <W =a<W-w,

(deleting any connection won't help).
@ I, can NOT be a NE graph.

For v € V \ {u}, v has incentive to connect u (Wy = Wmax).
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Celebrity Games
Social optimum and Nash equilibria

Proposition 4

o Every celebrity game I' = (V, (wy)ev, @, 5) has a NE.
@ > Wnmax: Inis a NE graph;
otherwise: ST, is a NE graph but /, is NOT.

@ a0 < Wmax:

o Let u be a vertex with w(u) = Wiax.
@ Let ST, be a star graph with u being the center.

@ 5,=0,and S, = {u}, Vv € V\ {u}.

@ > 1= NO player gets a cost decrease by connecting to more players.
@ Foruzv, wyt+a<w+Wnax <W =a<W-w,

(deleting any connection won't help).
@ I, can NOT be a NE graph.

For v € V \ {u}, v has incentive to connect u (Wy = Wmax).
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Celebrity Games
Social optimum and Nash equilibria

Let ' be a celebrity game with o > Wpax.

@ |If there is MORE THAN ONE vertex u € V with a« > W — w,, then
I is the UNIQUE NE graph of T;

@ otherwise, ST, is a NE graph of T.

Corollary 1

Let ' be a celebrity game.

I, is the unique NE graph of I if and only if
@ (O > Wmay and

@ there is more than one vertex u € V sit. a > W — w,.

@
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Celebrity Games
Social optimum and Nash equilibria

Proof of Proposition 5

@ Assume that du,ve V, a> W — w, and a > W — w,, and there is
a NE graph G = G[S] # I,.

@ G is connected (by Proposition 3).
05,=5=0(C,a>W-w,and a> W —w,).

o 'o‘\)

o Sy

|S.|>2, z,ye S,
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Celebrity Games
Social optimum and Nash equilibria

Proof of Proposition 5

@ Assume that du,ve V,a> W — w, and a > W — w,, and there is
a NE graph G = G[S] # I,.

@ G is connected (by Proposition 3).

05,=5=0(C,a>W-w,and a> W —w,).

o
o 0

e/'C)/VCD/S,’Z =3, \ {z,y}. \OV\OV\O

A(S_,,S)) < =20+ W —w,.

-G is a NE graph and 2a > W —w, + W — w,
W —w, >2a>W —W, + W —w,.

=W < wy +w, —w, < w, +w, (impossible)
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Celebrity Games
Social optimum and Nash equilibria

Proof of Proposition 5 (contd.)

@ Case Il: at most one vertex u with oo > W — w,,.
@S S,=0,and S, = {u}, Vv # u.
e Sis NE & G[S] = ST,.
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Celebrity Games
Social optimum and Nash equilibria

Star Celebrity Game
I" is a star celebrity game if [ has a NE graph that is connected.

Corollary 2

For a celebrity game I, the following statements are equivalent.
@ [ is a star celebrity game;

@ Either a@ < Winax Or & > Wimay and there is at most one vertex u € V for
which a > W — w,,.

@ ST, is a NE graph of I'.
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Celebrity Games
Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.
@ If Iis NOT a star celebrity game and o > W, then PoS(I') = PoA(Il') = 1.
@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l") = W /a > 1.
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Celebrity Games
Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.

@ If Iis NOT a star celebrity game and o > W, then PoS(I') = PoA(Il') = 1.

@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l") = W /a > 1.
@ opt(N=W(n-1)ifa>W,

opt(l) = a(n—1) if « < W (by Proposition 2).
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Celebrity Games
Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.
@ If Iis NOT a star celebrity game and o > W, then PoS(I') = PoA(Il') = 1.
@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l") = W /a > 1.

@ opt(N=W(n-1)ifa>W,
opt(lN) = a(n—1) if « < W (by Proposition 2).

@ If I is a star celebrity game (note: oo < W):
@ ST, is a NE graph (by Corollary 2).
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Celebrity Games
Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.
@ If Iis NOT a star celebrity game and o > W, then PoS(I') = PoA(Il') = 1.
@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l") = W /a > 1.

@ opt(N=W(n-1)ifa>W,
opt(lN) = a(n—1) if « < W (by Proposition 2).
@ If I is a star celebrity game (note: oo < W):

@ ST, is a NE graph (by Corollary 2).
9 If @ < Wmax = a < W (done).
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Celebrity Games
Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.
@ If Iis NOT a star celebrity game and o > W, then PoS(I') = PoA(Il') = 1.
@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l") = W /a > 1.

@ opt(N=W(n-1)ifa>W,
opt(lN) = a(n—1) if « < W (by Proposition 2).

@ If I is a star celebrity game (note: oo < W):

ST, is a NE graph (by Corollary 2).

If & < Wmax = a < W (done).

Otherwise, 3 at most one u € Vsit. a> W — w,.
Assume that wy; < ... < wy, ; < wy,

= W>W-wy, >...2W-—-wy, , >2W-—w,,.

¢ & ¢ ¢
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Celebrity Games
Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.
@ If Iis NOT a star celebrity game and o > W, then PoS(I') = PoA(Il') = 1.
@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l") = W /a > 1.

@ opt(N=W(n-1)ifa>W,
opt(lN) = a(n—1) if « < W (by Proposition 2).

@ If I is a star celebrity game (note: oo < W):

ST, is a NE graph (by Corollary 2).

If & < Wmax = a < W (done).

Otherwise, 3 at most one u € Vsit. a> W — w,.
Assume that wy; < ... < wy, ; < wy,

= W>W-—-—wy, >...>2W-—-wy, , >2W-—w,,.

¢ & ¢ ¢
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Celebrity Games
Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.
@ If Iis NOT a star celebrity game and o > W, then PoS(I') = PoA(Il') = 1.
@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l") = W /a > 1.

@ opt(N=W(n-1)ifa>W,
opt(lN) = a(n—1) if « < W (by Proposition 2).

@ If I is a star celebrity game (note: oo < W):

ST, is a NE graph (by Corollary 2).

If & < Wmax = a < W (done).

Otherwise, 3 at most one u € Vsit. a> W — w,.
Assume that wy; < ... < wy, ; < wy,

= W>W-wy, >...2W-—-wy, , >2W-—w,,.

¢ & ¢ ¢

Thus PoS = 1.

€
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Celebrity Games
Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.

@ If [ is NOT a star celebrity game and a > W, then PoS(I') = PoA(l') = 1.
@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l') = W/a > 1.
@ opt(lN =W(n-1)ifa>W,
opt(lN) = a(n—1) if « < W (by Proposition 2).
@ If I is NOT a star celebrity game:
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Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.

@ If [ is NOT a star celebrity game and a > W, then PoS(I') = PoA(l') = 1.
@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l') = W/a > 1.
@ opt(lN =W(n-1)ifa>W,
opt(lN) = a(n—1) if « < W (by Proposition 2).
@ If I is NOT a star celebrity game:

@ [, is the UNIQUE NE graph (by Corollary 2 & Proposition 5).
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Celebrity Games
Social optimum and Nash equilibria

Let I be a celebrity game. Then we have

@ If I is a star celebrity game, PoS(I') = 1.

@ If [ is NOT a star celebrity game and a > W, then PoS(I') = PoA(l') = 1.
@ If I'is NOT a star celebrity game and o < W, then PoS(I') = PoA(l') = W/a > 1.
@ opt(lN =W(n-1)ifa>W,
opt(lN) = a(n—1) if « < W (by Proposition 2).
@ If I is NOT a star celebrity game:

@ [, is the UNIQUE NE graph (by Corollary 2 & Proposition 5).

@ When aa > W: PoS(I') = PoA(lN) = 1.

@ When a < W: PoS(I) = PoA(r) = Hli=l) — W .
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Bounding the PoA of

Star Celebrity Games
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Bounding the PoA

Bounding the PoA

For a star celebrity game I', PoA(I') < W /a.

@ Let Sbea NEof I'and let G = G[S] = (V, E).
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Bounding the PoA

Bounding the PoA

For a star celebrity game I', PoA(I') < W /a.

@ Let Sbea NEof I'and let G = G[S] = (V, E).
@ 0<A(S-,,0) < —afSu| + w({v | d(u,v) < B}) — w.
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Celebrity Games
Bounding the PoA

Bounding the PoA

For a star celebrity game I', PoA(I') < W /a.

@ Let Sbea NEof I'and let G = G[S] = (V, E).
@ 0<A(S_,,0) < —a|Sul + w({v ]| d(u,v) < B}) — wu.
@ Thus, forall u € V,

0< > (—alSul+ > w-w)=—alE[+Y. > w-w.

uev {vld(uv)<B) WEV {v]d(uv)<B}

Joseph C.-C. Lin (Academia Sinica, TW) Celebrity Games 9 Sep 2016 29 / 55



Celebrity Games
Bounding the PoA

Bounding the PoA

For a star celebrity game I', PoA(I') < W /a.

@ Let Sbea NEof I'and let G = G[S] = (V, E).
@ 0<A(S_,,0) < —a|Sul + w({v ]| d(u,v) < B}) — wu.
@ Thus, forall u € V,

0< > (—alSul+ > w-w)=—alE[+Y. > w-w.

uev {vld(uv)<B) WEV {v]d(uv)<B}

@ Therefore,
C(G) aE[+ > > w
ueV {v|d(u,v)>B}

Z Z w, + Z w, | —W=(n-1)W.

ueV \ {vld(u,v)<B} {vld(u,v)>B}

IN

Joseph C.-C. Lin (Academia Sinica, TW) Celebrity Games 9 Sep 2016

29 / 55
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Bounding the PoA

Bounding the PoA

For a star celebrity game I', PoA(I') < W /a.

@ Let Sbea NEof I'and let G = G[S] = (V, E).
@ 0<A(S_,,0) < —a|Sul + w({v ]| d(u,v) < B}) — wu.
@ Thus, forall u € V,

0< > (—alSul+ > w-w)=—alE[+Y. > w-w.

uev {vld(uv)<B) WEV {v]d(uv)<B}

@ Therefore,
C(G) adE[+> DY wm
ueV {v|d(u,v)>p}

Z Z w, + Z w, | —W=(n-1)W.

ueV \ {vld(u,v)<B} {vld(u,v)>B}

IN

(n—HW _ w
@ Hence, PoA(lN) < (a(n-1)) = a-
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Celebrity Games
Bounding the PoA

Bounding the PoA

For a star celebrity game I', PoA(I') < W /a.

@ Let Sbea NEof I'and let G = G[S] = (V, E).
@ 0<A(S_,,0) < —a|Sul + w({v ]| d(u,v) < B}) — wu.
@ Thus, forall u € V,
0< Z(—a|5u|+ Z Wv—wu)z—a|E|+Z Z w, — W.
ueV {v|d(u,v)<B} ueV {v|d(u,v)<B}
@ Therefore,

(G = aE+Y Y w
ueV {v|d(u,v)>8}
< Z Z w, + Z w, | —W=(n-1)W.
uveV \{vld(u,v)<pB} {vld(u,v)>B}
@ Hence, PoA(I") < {2 = W
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Bounding the PoA

Bounding the PoA (contd.)

W(G,B)= > > Wy = > (wy + wy).

ueV {v|d(u,v)>B} {Hu,v}d(u,v)>8}

Let ' be a star celebrity game. In a NE graph G,

W(G, 8) = O(an?/8).
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Celebrity Games
Bounding the PoA

Bounding the PoA (contd.)

W(G,B)= > > Wy = > (wy + wy).

ueV {v|d(u,v)>B} {Hu,v}d(u,v)>8}

Let ' be a star celebrity game. In a NE graph G,

W(G, 8) = O(an?/8).

@ Let S be a NE and G = G[S] be a NE graph.
o Let b =diam(u) for ue V.
e b <28+ 1 (by Proposition 6; we prove it later).
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Celebrity Games
Bounding the PoA

Bounding the PoA (contd.)

Weight component

W(G,B)= > > Wy = > (wy + wy).

ueV {v|d(u,v)>B} {Hu,v}d(u,v)>8}

Let ' be a star celebrity game. In a NE graph G,

W(G, 8) = O(an?/8).

\

@ Let S be a NE and G = G[S] be a NE graph.
o Let b =diam(u) for ue V.
e b <28+ 1 (by Proposition 6; we prove it later).

@ Consider the following three cases.
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Celebrity Games
Bounding the PoA

Proof of Lemma 3

o Case 1: b< f3:
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Celebrity Games
Bounding the PoA

Proof of Lemma 3

o Case 1: b< f3:
e Forany v € V\ {u}, consider S, = S, U{u} and let G’ = G[S_,,S]].
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Celebrity Games
Bounding the PoA

Proof of Lemma 3

o Case 1: b< f3:
e Forany v € V\ {u}, consider S, = S, U{u} and let G’ = G[S_,,S]].
o diam(G’) < g.
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Celebrity Games
Bounding the PoA

Proof of Lemma 3

o Case 1: b< f3:
e Forany v € V\ {u}, consider S, = S, U{u} and let G’ = G[S_,,S]].
o diam(G’) < 3.
o A(S_,,S))=a— > wy > 0.
{xldc(x,v)>B}
wy < a.
{x|dg(x,v)>B}
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Celebrity Games
Bounding the PoA

Proof of Lemma 3

o Case 1: b< f3:
e Forany v € V\ {u}, consider S, = S, U{u} and let G’ = G[S_,,S]].
o diam(G’) < 3.
o A(S_,,S))=a— > wy > 0.
{xldc(x,v)>B}
wy < a.
{x|dg(x,v)>B}

o Hence, W(G,B) < na < an?/f (note: 1 < B < n—1).
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Celebrity Games
Bounding the PoA

Proof of Lemma 3 (contd.)

@ Case 2: b> (3 and b > 6:
o Ai(u) :={v|d(u,v) =i}, and

G={veV|[1<d(uv)<b/3} = ] Aluv)
1<i<b/3
G={veV|b3<duv)<2b/3} = |J Alu),
b/3<i<2b/3
G={veV|2b/3<duv)<by = |J Al
2b/3<i<b

@ Each C; contains vertices at b/3 > 2 different distances.

o For each 1 < ¢ < 3, there must exist iy s.t.
Ai, C C; and |A;,| < 3n/b.
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Bounding the PoA

Proof of Lemma 3 (Case 2: b> 8 and b > 6)
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Celebrity Games

Bounding the PoA

Proof of Lemma 3 (Case 2: b> 8 and b > 6)

G’ =G[S_,, S

Vo eV, S, = (S, UA;(u)UA;,(u)U Ay, (u))\
@ Note: b/3 < B (- b<28+1).
@ diamg/(v) < 6.

9na

> wk
{xIdg (xv)> B}
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Celebrity Games
Bounding the PoA

Proof of Lemma 3 (contd.)

@ Case 3: b> B and b < 6:

@ Similar to case 2.
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Bounding the PoA

Bounding the PoA (contd.)

Let ' be a star celebrity game. In a NE graph G,

2
IE(G)| < n—l—i—%.
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Celebrity Games
Bounding the PoA

Critical nodes

Critical nodes
Afx’y}(u) = {z € V| all the shortest paths in G from u to z use {x,y}}.

Joseph C.-C. Lin (Academia Sinica, TW) Celebrity Games 9 Sep 2016 37 /55



Celebrity Games
Bounding the PoA

Proof of Lemma 4 (contd.)

Bridge (cut edge)

An edge whose deletion increases # connected components of the graph.

@ B(G): the set of bridges of G.
o |[B(G)|<n-1.

o B(u)={xeS,|{ux} ¢ B(G)}.
o [E|=[B(G) + X v |B(v)|
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Celebrity Games
Bounding the PoA

Proof of Lemma 4 (contd.)

Bridge (cut edge)
An edge whose deletion increases # connected components of the graph.

@ B(G): the set of bridges of G.
o |B(G)|<n—1.

o B(u)={xeS,|{ux} ¢ B(G)}.
o [E| =|B(G) + X ey |B(v)]

o Claim: for any v € S, s.t. {u,v} is NOT a bridge, there exists
z € Agn(u) st d(u, z) > B/3.
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Celebrity Games
Bounding the PoA

Proof of Lemma 4 (contd.)

{u,v}: NOT a bridge
z € A{u,v}(u)v d(ua Z) < 18/3

There must exist some edge {z,y}, such that

T ¢ A{u,v}(u)7 ye A{u,v}(u)

Select x # u s.t. there is a shortest path from u to z

using only vertices in V'\ Ay .y (u).
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Celebrity Games
Bounding the PoA

Proof of Lemma 4 (contd.)

d(u, z) < d(u,y) +1

The new path (not using {u,v}) from u to z is of distance
S@BB+N)+1+(BB-1)+(B/3-1) =5
A(S_y, Sy \{v}) = —a <0 (=)
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Celebrity Games
Bounding the PoA

Proof of Lemma 4 (contd.)

@ For v € B(u), there exists z € Aqun(u) st d(u, z) > B/3.
S Ay (u) > B/3.

© N =3 tes,lveBuyy Auv(U)] = 1B(u)]- (8/3).
. |Bu)] < 2.

o |E| = [B(G)|+ Lyev B(u) < (n—1)+ 2.
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Celebrity Games
Bounding the PoA

Bounding the PoA (contd.)

For a star celebrity game I', PoA(I') = O(min{n/8, W /a}).

o C(G) < a-|El+W(G,B) =0 (a-((n—1)+3) +22).
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Celebrity Games
Bounding the PoA

Diameter of a NE graph of I

Proposition 6

If G is a NE graph of a star celebrity game I, then diam(G) < 2 + 1.

9 Let S bea NE of I, G = GJ[S], and assume that diam(G) > 25 + 2.

o Ju,ve Vst d(u,v)=26+2.

Ugp = U U242 = U
Uy Uo U2 U2B+1
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Celebrity Games
Bounding the PoA

Diameter of a NE graph of I

Proposition 6
If G is a NE graph of a star celebrity game I, then diam(G) < 23 + 1.

o If xe A,UA,,, then d(x,v) > 5.
Ay ={z eV |d(u,z) < B}

N

U2p+2 = U
—o—0—©

U2 U241

Ay, ={z eV |du,z) <}
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Celebrity Games
Bounding the PoA

Diameter of a NE graph of I

Proposition 6

If G is a NE graph of a star celebrity game I, then diam(G) < 25 + 1.

4u ={x eV |du,x) <}

U242 = U

R S =

U2  U2B+1

A{ w,uy }

Consider the case u; € S,
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Celebrity Games
Bounding the PoA

Diameter of a NE graph of I

Proposition 6
If G is a NE graph of a star celebrity game I, then diam(G) < 23 + 1.

A, ={z eV |d(u,z) <}
Let S = S, \ {u1} and S = S, U {uy}.

U2p42 =V

e e o

U2  U2B+1
{u.m

A(S,u., SZIL) < —a+ w(A{u.m} n Au)-
A(S_y, S,) < a—wy — w(Apyu} N Ay).

either A(S_,, S.,) < 0or A(S_,,S,) <0. (=)

}:> A(S—u,SL) + A(S_y, 81) < —w, < 0.
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Celebrity Games
Bounding the PoA

Bounding the PoA (a lower bound)

Let k > 2, a >0, and let w = (wa, ..., wx) be a positive weight assignment.
There is a start celebrity game ' with n = 2k and 3 =2, s.t. PoA(I") > 3.

(k(k U, k) T ak(k—1)
a(n—1)

e ()

PoA(T")
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Celebrity Games
Bounding the PoA

PoA on NE trees

The PoA on NE trees of star celebrity games is < 5/3, and there are
games for which a NE tree has cost 5 - opt/3.
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Celebrity Games for 5 =1
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Celebrity Games

Celebrity games for 5 =1

For 5 =1

@ Every u € V pays
° for each ve V\{u}
@ « for each adjacent v € V' \ {u} if he buys the link.

Proposition 10

The problem of computing a best response of a player to a strategy profile
in celebrity games is polynomial time solvable when 5 = 1.

Theorem 6
Let I' be a celebrity game with 8 = 1. We have PoA(I") < 2.
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Celebrity Games

Celebrity games for 8 = 1

For 5 =1 (PoA)

Proposition 11

Let G = (V, E) be an NE graph of a celebrity game I' with 3 = 1. For each u,v € V,
we have

@ if either w, > o or wy > a, then {u,v} € E,
@ if both w, < a and w, < «, then {u,v} ¢ E,
@ otherwise {u, v} might or might not belong to E.

Proposition 12

| N\

Let G = (V, E) be an OPT graph of a celebrity game ' with 8 = 1. For any u,v € V,
we have

@ if wy +w, < a, then {u,v} ¢ E,
9 if wy +wy, > «, then {u,v} € E,

@ if w, + wy, = a, then {u, v} might or might not belong to E.
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Celebrity Games
Celebrity games for 5 =1

Proof of Theorem 6

@ The social cost of an OPT graph:

o+ Z (Wu + wy).

Hu,vHwutwy >a} {{uv}wy+wy <o}

@ The social cost of a NE graph (with fewest edges):

a+ Z (wy +wy)

{{u,v}wu>o or wy>a} {{u,v}wy,wy <o}

= > a+ > a
{{u,vHwu>a or vy >a} {{uv,v}wy,wy <o and wy+wy=cr}

+ > (wy +w,) + 3 (wa + W,).
{{u,v}wy,wy, <a and w,+w, <a} {{u,v}Hwu,wy<cvand wy+wy >a}
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Celebrity Games
Celebrity games for 5 =1

Proof of Theorem 6

@ The social cost of an OPT graph:

o+ Z (Wu + wy).

Hu,vHwutwy >a} {{uv}wy+wy <o}

@ The social cost of a NE graph (with fewest edges):

a+ Z (wy +wy)

{{u,v}wu>o or wy>a} {{u,v}wy,wy <o}

= > a+ > a
{uv}w>aorwy>a}l  {{u,v}wy,m <a and wy+wy—a}

+ > (wo +w) + > (Wi -+ w).
{{u,v}wy,wy <o and w,+w, <a} {{u,v}wy,wy <o and wy+w, >a} 2,
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Celebrity Games
Celebrity games for 5 =1

Proof of Theorem 6 (contd.)

o D:={{u,v} | wy,wy, <aand w, +w, >a}.

o {u,v} contributes:

@ « to the cost of an OPT graph;
@ w, + w, to the cost of a NE graph.

o Taking w, = « for any u € V to maximize |D|.

n(n—1)a

PoA(N) < 1173

2.
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Celebrity Games
Open problems

Open problems

@ Shorten the gap b/w LB and UB on the PoA of the celebrity games
(for constant /3).

@ Variations of the framework:

@ Max-cost model (authors’ work in progress).
@ Other definitions of the social cost.
o Each player u can have its own critical distance f,.
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Thank you.
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