Query complex. of e-NE in Anony. Games

Query Complexity of Approximate Equilibria in

Anonymous Games

Paul W. Goldberg and Stefano Turchetta

The 11th Conference on Web and Internet Economics (WINE 2015) 357-369.
Speaker: Joseph Chuang-Chieh Lin

Institute of Information Science
Academia Sinica
Taiwan

4 November 2016

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016



Query complex. of e-NE in Anony. Games

Authors

Stefano Turchetta
~<— Paul W. Goldberg

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016 2 / 60



Query complex. of e-NE in Anony. Games

NE, e-NE, e-WSNE

M 0 F
1%
1
1_
0 5 0,0
1
F 0, 0 ~1
2

O: Opera;
F: Football Game

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016 3/ 60



Query complex. of e-NE in Anony. Games

NE, e-NE, e-WSNE

M 0 F
W
0 0, 0
F 0,0

Pure exact NE

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016



Query complex. of e-NE in Anony. Games

NE, e-NE, e-WSNE

M o ! F 2
w 3 3
2 1
0 3 L5 0, 0
1
1
F 3 0,0 -1
3 2

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016 5/ 60



Query complex. of e-NE in Anony. Games

NE, e-NE, e-WSNE

M 0 2 F 1
w 3 3

2 1
Og 1,5 0,0

1

1

3 0,0 -1

F 3 >

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016 6 / 60



Query complex. of e-NE in Anony. Games

NE, e-NE, e-WSNE

1/3 1/3

M To2 TF !
W 3 3

2 1 2
0 3 175 0,0 - 3

1

- 1 1
F 3 0, 0 5 1 —

7/ 60

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016



Query complex. of e-NE in Anony. Games

NE, e-NE, e-WSNE

M o1 .

w D) 5
2

O 1,1 0, 0
1

F 3 0,0 1,0
E[UW(X)]zl‘;%'*'l‘%é:%-
E[uM(X)]:l.g.%:%_

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016 8 / 60



Query complex. of e-NE in Anony. Games

NE, e-NE, e-WSNE

2
0) 3 1, 1 0,0
1
F 3 0,0 1,0
21 11 1 lNE \/
Eu" (X)) =13 3+1-3-3=5 3
1
Bl -1 211 3 WSNE X

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016



Query complex. of e-NE in Anony. Games

Outline

@ Introduction
@ Anonymous games
@ Query models
@ Related work

© Exact NE
@ A lower bound
@ A game whose solution must have irrational numbers
@ Exact NE of symmetric anonymous games
@ Self-anonymous games
9 Main results: on two-strategy anonymous games
@ Two-strategy Lipschitz games
@ General two-strategy anonymous games
@ Lower bound*

© The following work

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016



Query complex. of e-NE in Anony. Games
Introduction
Anonymous games

Anonymous games

k-strategy anonymous games

(n, k {u}iets), jem):
@ n: # players;
@ k: # pure strategies per player;

° uj’: : Hﬁ_l — [0, 1]: utility function

o Iy = {0 - xe) € (U {0})* | Sy = n— 1.

* All possible ways to partition n — 1 players into the k strategies.

@ Polynomial size representation.
o mek | TIy | = ne k- () = o).
@ The payoff to a player: does NOT depend on their identities.

o Examples: voting systems, traffic routing, auction settings, . ...
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Introduction
Anonymous games

Anonymous games (contd.)

o X;: A mixed strategy of player /;
o E[Xi] = (p1,- - Ph)-
@ p;: the prob. that player i plays strategy j.

O Xoji= ) pepn iy Xe-
° E[u}(X_;)] = ernﬁfl UJ':(X) -Prix_; = x].
o Let X :=(X;,X_;). Then

k
E[ui(X)] = ij’ . E[uJ’-'(X_,-)] — expected payoff of player /
j=1
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Introduction
Anonymous games

Two-strategy anonymous games

o p; := E[X;]: a mixed strategy of player i.
@ X;: Indicator r.v.; whether player i plays strategy 1.

0 Xoi =2 pe[mpiy Xe-
o E[ul(X_j)] = >1—g ul(x) - Pr[X_; = x].
o Let X :=(Xj,X_;). Then

2
E[u'(X)] :== ij’ . E[uj(X_,')] — expected payoff of player i
j=1
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Introduction
Anonymous games

Concepts of equilibria

@ X is a best-response iff E[u/(X)] > E[uj’:()(_;)].

@ A Nash equilibrium (NE): requires each player to be best-responding
to each other.

N (Xi)ie[n] is an
° (e-NE) if Vi € [n], V] € [K],

E[u/ ()] + € > E[uj(X_;)].

o e-approximate well-supported Nash equilibrium (e-WSNE) if
Vi € [n],V) € [k], and V¢ € supp(E[X]]),

E[uj(X_i)] + € > E[uj(X_))].
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Introduction
Anonymous games

Sub-classes of anonymous games

Vi, £ € [n], Vj € [K], Vx € [I5_,, that u/(x) = uf(x) (sharing the same utility function).

Self-anonymous

Vi £ € [nl, ¥ € [k, Wx € {y € TT'_, | ye # O}, that uj(x) = ul(x + & — e1)
(one does NOT distinguish herself from the others).

symmetric + self-anonymous.

Every player's utility function is Lipschitz continuous.
@ Vi€ [n],j € [K],¥x,y € [I5_y, that |uj(x) — ui(y)| < Allx = ylls.
@ )\ > 0: the Lipschitz constant.
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Introduction
Query models

Query models

@ Goal: Finding equilibria while checking only a small fraction of the
O(n*) payoffs of the game.

Single-payoff query

Given: j € [n], j € [k], and x € Hﬁ_l.
Return: uj’(x)

@ Query complexity of an algorithm: the expected # single-payoff
queries it needs in the worst case.
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Introduction

Query models

Query models (contd.)

All-players query

Given: a pair (j,x) for j € [k], x € [T5_,.
Return: (u}(x), u?(x), ..., ul(x)).
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Introduction
Related work

Issues in complexities

@ Computing an exact NE: PPAD-complete (normal-form)
[Daskalakis, Goldberg, Papadimitriou @STOC'06].

@ BIMATRIX is PPAD-complete & does NOT have a FPTAS unless
PPAD C P [Chen, Deng, Teng @FOCS'06].

@ To find an e-NE in an anonymous games with 7 strategies:
PPAD-complete [Chen, Durfee, Orfanou @STOC'15].

@ Yet, there exists a sub-exponential time algorithm to find an e-NE
(normal-form) [Lipton, Markakis, Mehta @EC'03].

@ OPEN: Existence of a PTAS for these games.
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Introduction
Related work

Issues in complexities (PTAS for anonymous games)

@ Anonymous games admit a PTAS [Daskalakis & Papadimitriou
@FOCS'07].
o Currently best (two-strategy): O(poly(n) - (1/¢)00°€’(/9)) where
poly(n) > n" [Daskalakis & Papadimitriou @STOC'09].

o k-strategy anonymous games admit an o(n*) PTAS
[Daskalakis, De, Tzamos + Diakonikolas, Kane, Stewart 2015].
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Introduction
Related work

Issues in complexities (query complexity)

@ Exponential (deterministic/randomized) lower bounds for finding an
e-NE of n-player games.

@ Such bounds do NOT hold in anonymous games.
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Introduction
Related work

Contribution of this paper

@ Exact NE:

o Q(n?) single-payoff queries for two-strategy anonymous games.
@ An example of anonymous games whose unique NE needs all players to
randomize with an irrational amount of probability.

o Tight query complexity bounds for finding pure NE in 2-strategy
symmetric & k-strategy self-symmetric anonymous games.
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Introduction
Related work

Contribution of this paper (contd.)

o «NE:

“0" queries for finding an O(n~1/2)-WSNE for self-anonymous games.
2-strategy anonymous game G — 2-strategy self-anonymous game G’.
@ 3 FPTAS for G’ = 3 FPTAS for G

©

©

©

A query-efficient algorithm that finds an e-pure-NE in 2-strategy
Lipschitz games (main subroutine).

A randomized PTAS for 2-strategy anonymous games.
o Forany e > n Y4 it finds an O(€e)-NE with @(n3/2) single-payoff
queries and runs in time O(n*/?).

©
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Exact NE

On exact NE
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Exact NE

A lower bound

Player R
T 1
i 1 3
uy(z) 1 1
ub(x L L
2(2) 2 2 P ¢ 2
Player C 1 g, % %, %
Do 1 N
3 T 2’ 4 27 2
i
uy(z) 1 1
i 1 1
ub(x - -
s | L]
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Exact NE

A lower bound
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i 1 3
uy(z) 1 1
=3 1—g=35
i 1 1
b | L ! c
2 2 R 1 2
1
Player C r=31 % % %7 %
T 1 1-p=1 T3 | 11
22 5 7 5 5
) 3 T 2" 4 2" 2
1
uy(z) 1 1
) . . No pure NE.
ub(x - -
@ | L

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016 25 / 60



Query complex. of e-NE in Anony. Games
Exact NE

A lower bound
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Exact NE

A lower bound

Majority-minority game G

T 0 1 2 n—2 n—1
ui(@) | 3-G-3) |3-G-%5) |5-G-%) 3+ G- [3+G-w
uh() 3 3 3 2 2

(a) Payoff table for “majority-seeking” player i

T 0 1 2 n—2 n—1
ui(@) |3+ G-3) [3+G-3) |3+ G —3) 3= G=%)|35-G-3)
ub(x) 3 3 : 3 :

(b) Payoff table for “minority-seeking” player i

@ n/2 majority-seeking players and n/2 minority-seeking players.

@ x: (expected) # players other than i who play 1.

Joseph C.-C. Lin (Academia Sinica, TW)
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Exact NE

A lower bound

Majority-minority game G

T 1 2 n—2 n—1
i 1 1 1 1 1 3 1 1 5 1 1 3 1 1 1
ui@) | 3-G-m) |3-G-)|[5- G- s+tG-) |3+ (G—5)
1 1 1 1 1
us(x) 3 3 3 3 3
(a) Payoff table for “majority-seeking” player ¢
T 1 2 n—2 n—1
1 1 1 1 1 3 1 1 5 1 1 3 1 1 1
ui@) |3+ G-5) |3+ G o) |3+ (G5 -G |3-G-5)
ub(z) 3 3 : 2 2

@ Pi(s):=E[ui(x) —u5(x)] = (5 — 5 + 3,)-
@ The incentive for a majority player i’ to play 1is >
> i i = "El

Joseph C.-C. Lin (Academia Sinica, TW)
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Exact NE

A lower bound

Majority-minority game G

T 0 1 2 n—2 n—1
ui@) |[5-G-a) [5-G-m) |3-G-2) | |3+ G—5) |3+ G —5)
o [ 3 : : ! :

T 0 1 2 n—2 n—1
ui(@) |5+ G-5) [3+G-a) |3+ G-2) | |3-G-35) |5-(G—5)
uj(x) 3 3 3 3 3

(b) Payoff table for “minority-seeking” player ¢

@ Suppose that a majority player i’ mixes with p; € (0, 1).
E[#players of strategy 1 — #players of strategy 2] < 1.

@ No majority player may use pure strategy, otherwise he would deviate to the
opposite one.

@ Hence all majority players must MIX (the case for minority players is similar).
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Exact NE

A lower bound

Majority-minority game G

T 0 1 2 n—2 n—1
ui@) | 5-G-5) [3-G-5) |5-G-5) i+ G-5) | 5+G—5)
uj(x) 3 3 3 3 3

T 0 1 2 n—2 n—1
ui(@) |5+ G-3) [+ G-a) |3+ G—m) | |3-G—35) |3-G—3)
uj(w) 3 3 3 3 3

(b) Payoff table for “minority-seeking” player i

@ Suppose all players play pure strategies.
@ |If strategy 1 and 2 are both played by the same number of players, then all
majority players will want to switch.

@ If not, say strategy 1 is used by > n/2 players, it will be being used by a mino
player who will want to switch!

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016 30 / 60



Query complex. of e-NE in Anony. Games
Exact NE
A game whose solution must have irrational numbers

An example of having unique & fully-mixed NE with irrationals

1 1 1
Pr = E(V24 =7), pe= 1_6(\/24 =7), Pm = %(23_ V241)'

1 2 1 2
1 ](1,0,1)](1,%,0) 1| (1,0,0) | (0,%,3)
2 (0,0,0) | (3.1,0) 2 (3,19 ] (101
1 2
T 0 1 2 T 0 1 2 x 0 1 2
uwl(z) |0 1]1 u$(z) [1]0]0 ul(z) [0]0]1
wh(e) [1[210] ws(@) [0 L]L| wh(@)|[1]L]0
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Exact NE
Exact NE of symmetric anonymous games

On symmetric anonymous games

Proposition 4.1

A pure NE of any 2-strategy n-player symmetric anonymous game can be
found with O(log n) single-payoff queries.

@ Note: Every 2-strategy symmetric game has a pure NE [Cheng et al. 2004].
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Exact NE

Exact NE of symmetric anonymous games

Algorithm 1: SymmetricPNE

Data: The number of players n.
Result: The number of players m playing strategy 1 in a PNE.

begin
| return search(0,n — 1)

end

Procedure search(a, 3)
mi= |22
if m=aVm= [ then

| return m

end

Use queries to identify: ui(m — 1), ug(m — 1), u1(m), uz(m)
if ui(m —1) > u2(m — 1) and ui(m) < uz(m) then
| returnm
end
if ui(m — 1) < uz(m — 1) then
| Bi=m
else
| a=m
end
return search(a, 3)
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Exact NE

Exact NE of symmetric anonymous games

Algorithm 1: SymmetricPNE

Data: The number of players n.
Result: The number of players m playing strategy 1 in a PNE.
-— 00

begin Check if 1y (0) < uz(0)
| return search(0,n — 1) or ur(n — 1) > up(n — 1) first!
end
Procedure search(a, 3)
ot
mi= 25|
if m=aVm = then
| return m
end

Use queries to identify: ui(m — 1), ug(m — 1), u1(m), uz(m)
if ua(m —1) > wa(m — 1) and ui(m) < uz(m) then
| return m
end
if ua(m — 1) < uz(m — 1) then
| Bi=m
else
| ai=m
end
return search(a, 3)
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Exact NE
Exact NE of symmetric anonymous games

Sketch of the proof of Proposition 4.1

Prove it by induction on k:

If a pure NE is in the search space of the k-th round and not yet bound, then there is a
pure NE in the search space of round k + 1. J

@ The base is trivial since the search space is {0,...,n— 1}.
@ Suppose that after k-th round a pure NE is still in the search space
but not found yet.

o Let {ax,...,0k} be the search space at step k, my := |[(a+ 5)/2].
* By construction, u(ak) > ua(ak) & u1(Bx — 1) < wp(Bx — 1).

o Case “ui(mx — 1) < up(my — 1)":
@ The search space: {a, ..., mg}.
@ Check a pure NE is at an x < my — 1.
@ Such an x must exist.

o Case "uy(mg) > up(myg)": similarly holds.
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Exact NE
Exact NE of symmetric anonymous games
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Exact NE
Exact NE of symmetric anonymous games

On symmetric anonymous games (contd.)

Proposition 4.2

Any algorithm that finds a pure NE in a 2-strategy n-player self~symmetric
anonymous game needs Q(log n) single-payoff queries in the worst case.

@ Such a game can be defined in terms of a utility function
u:{0,...,n} —[0,1].

@ A pure NE corresponds to a local optimum of u.

@ We restrict ourselves to functions u having a unique local optimum.
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Exact NE

Exact NE of symmetric anonymous games

il(lVEI"SdI"y

-—> O PTu >

\J

query
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Exact NE
Exact NE of symmetric anonymous games

On k-strategy self-symmetric anonymous games

@ Every pure-strategy profile yields the same utility to all players.

@ Such a game possesses a pure NE corresponding to a local optimum of wu.

Lemma 4.1

For any constant k, the query complexity of search for a pure NE of k-strategy

self-symmetric anonymous games, is within a constant factor of the query complexity of

searching for a local optimum of the grid graph [n]*~*.

Corollary 4.1

| A\

The randomized query complexity of searching for pure NE of self-symmetric anonymous
games is ©(n'*"Y/2) for constant k > 5.

| A\

Corollary 4.2

The deterministic query complexity of searching for pure NE of self-symmetric

anonymous games is ©(n*~?) for constant k > 2.

A\
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Exact NE
Self-anonymous games

No query is required for self-anonymous games

In any 2-strategy n player self-anonymous game, the mixed-strategy profile
s=1(3,...,3)is an O(1//n)-WSNE.

@ Show that for any player i € [n],

i i e 1
. [E[un(X=i)] — E[ua(X-)] < — - r—
Z(Ui(x) — ub(x)) - PriX_; = x]
x=0

n—2

= (1) — () - PrX = x4 (s n — 1) — wh(n — 1)) - Pr{X_1 = n— 1]
x=0
n—2
= e ) - ae)- (") (= 1) — (e 1)
x=0
n—1
= o <Z - (071 - (1) + - - ué(o»>
x=1
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Exact NE
Self-anonymous games

Sketch of the proof of Lemma 5.1 (contd.)

x—1

x=(n—1)/2+1,...,(n—1), we have ("_]) — (") > 0.

x—1

@ Forall x=1,...,(n—1)/2, we have (""]) — (") <0 and for all

@ Let ub(x)=0if x € {1,...,(n—1)/2} and 1 otherwise.

nz_l(ui(x) - ”12(X)) -Pr[X_; = x]
x=0
n—1 B .
S IO (G R GRS
1 (n—1)

27T

@ Using Stirling’s bounds: 27 - n™/2.e™" < nl < e- n""/2. 7" we obtain t}ff
the above is at most = -

V-1
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Exact NE
Self-anonymous games

No query is required for self-anonymous games (contd.)

For constant k, in any k-strategy n-player self-anonymous game, letting every
player randomized uniformly is an O(1//n)-WSNE.

Can be proved by induction (base case: k = 2).

@ Suppose that it holds that in any (k — 1)-strategy n-player
self-anonymous game, every player i € [n] mixing uniformly is an

o(1/+/n)-WSNE.
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Exact NE
Self-anonymous games

Proof of Theorem 5.1 (contd.)

@ Let Gk be a k-strategy self-anonymous game.
X(Z): indicating Whether player i plays strategy .
° X(k) Zﬁéx # players other than i playing k in Gy.

@ Observe that E[X(k |=

n1
e Pr {X_,- > %(n 1)] gk

% (Chernoff bound).
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Self-anonymous games

Proof of Theorem 5.1 (contd.)

Z (U xay ooy X)) — b (X, ooy xi)) - Pr[Xgl) =X1,... ,X(fl.) = xk]
X1t Fxe=n

n
e =,
X =0

S W0, x) = wha, ) PAX =, XY = [ xB) = ]

Xyt X 1=n—X)

S Prix¥ =] 0 (\/n%ixk)

X, =0
k(" 1) n—1
< 3 Px% =] o( ! >+ S e
< = xx [ — .
X =0 v n—2n/k xkz%(nfl)Jrl
k k—2 _n=1 1
< . 2 =0 —
8 (kn—)*k"“ (%)
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Main results:

On finding e-NE of 2-strategy anonymous games
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Two-strategy Lipschitz games

d-accurate all-players query

Let (j,x) € {1,2} x {0,1,...,n— 1} be the input for an all-players query.
For > 0, a d-accurate all-players query returns a tuple of values
(Gl(x), ..., £7(x)) such that for all i € [n], |uj(x) — f/(x)] < é.

o Within an additive error § of the correct payoffs (uj(x), ..., ul(x)).

Joseph C.-C. Lin (Academia Sinica, TW)
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Two-strategy Lipschitz games

The algorithm: Using binary search!

Algorithm 2: Approximate NE Lipschitz

Data: §-accurate query access to utility function % of n-player A-Lipschitz game G.

Result: pure-strategy 3(5 + \)-NE of G.

begin

Let BR1(%) be the number of players whose best response (as derived from the d-accurate queries)

is 1 when 7 of the other players play 1 and n — 1 — i of the other players play 2.

Define ¢(i) = BR1(i) — i // by construction, ¢(0) >0
// and ¢p(n—1) <0

If BR1(0) = 0, return all-2’s profile.

If BRi(n — 1) = n, return all-1’s profile.

Otherwise, // In this case, $(0) >0 and ¢(n—1) <0

Find, via binary search, = such that ¢(z) > 0 and ¢(z + 1) < 0.

Construct pure profile p as follows:

For each player i, if @} (x) — @b(z) > 26, let i play 1, and if @} (z) — @i (x) > 26, let i play 2. (The

ﬂ§7s are J-accurate.) Remaining players are allocated either 1 or 2, subject to the constraint that

or z + 1 players in total play 1.

return p.

end

@ Note: Pure e-NE exists in Lipschitz games [Azrieli & Shmaya 2013].
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Two-strategy Lipschitz games

Theorem 6.1

Let G = (n,2, {T}icnjeq1,2y) be an n-player, 2-strategy A-Lipschitz anonymous
game. Algorithm 2 finds a pure 3(\ + §)-WSNE using 4 log n §-accurate
all-players queries.

@ Suppose that the output p could not be constructed as the way described in the
algorithm.

@ Suppose: > x + 1 players are required to play 1 due to satisfying
i (x) — mi(x) > 26.
@ ¢(x+1)=BRi(x+1)—(x+1) <0= n— (x+ 1) players whose payoffs to play
2 are at most 2§ less than their payoffs to play 1 (when x + 1 other players play 1).
@ When they play 2, they are 2-best-responding if x + 1 players play 1.
Lipschitz condition = 2(\ 4 §)-best-responding if x players play 1.

@ So there is in fact a solution with only x + 1 players playing 1.
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Overview of the approach for general 2-strategy anonymous games

@ We have a 2-strategy n-player anonymous game G.
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General two-strategy anonymous games

Overview of the approach for general 2-strategy anonymous games

@ We have a 2-strategy n-player anonymous game G.

@ “Smooth” every player's utility function s.t. G — A-Lipschitz G, for some .

@ The payoff received in G by player i when x other players playing 1 is given
by the expected payoff received in G by player i when
@ x other players play 1 w.p. 1 —( &
@ n—1— x other players play 1 w.p. (.

* G:an O (ﬁ)-Lipschitz game.
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General two-strategy anonymous games

Overview of the approach for general 2-strategy anonymous games

@ We have a 2-strategy n-player anonymous game G.

@ “Smooth” every player's utility function s.t. G — A-Lipschitz G, for some .

@ The payoff received in G by player i when x other players playing 1 is given
by the expected payoff received in G by player i when
@ x other players play 1 w.p. 1 —( &
@ n—1— x other players play 1 w.p. (.

* G:an O (ﬁ)-Lipschitz game.

@ Dealing with G by Algorithm 2.
@ But we are NOT allowed to query G directly...

Joseph C.-C. Lin (Academia Sinica, TW) = Query complex. of e-NE in Anony. Games 4 November 2016



Query complex. of e-NE in Anony. Games
Main results: on two-strategy anonymous games
General two-strategy anonymous games

Overview of the approach for general 2-strategy anonymous games

@ We have a 2-strategy n-player anonymous game G.

@ “Smooth” every player's utility function s.t. G — A-Lipschitz G, for some .

@ The payoff received in G by player i when x other players playing 1 is given
by the expected payoff received in G by player i when
@ x other players play 1 w.p. 1 —( &
@ n—1— x other players play 1 w.p. (.

* G:an O (ﬁ)-Lipschitz game.
@ Dealing with G by Algorithm 2.

@ But we are NOT allowed to query G directly...
o Simulating each query to G with a small number of queries to G.
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General two-strategy anonymous games

Overview of the approach for general 2-strategy anonymous games

@ We have a 2-strategy n-player anonymous game G.

@ “Smooth” every player's utility function s.t. G — A-Lipschitz G, for some \.

@ The payoff received in G by player i when x other players playing 1 is given
by the expected payoff received in G by player i when
@ x other players play 1 w.p. 1 —( &
@ n— 1 — x other players play 1 w.p. (.

+ G:an O (ﬁ)—Lipschitz game.

@ Dealing with G by Algorithm 2.
@ But we are NOT allowed to query G directly...
o Simulating each query to G with a small number of queries to G.

@ Mapping the found approx. pure NE of G to G by
o the players who play 1in G — play 1 in G w.p. 1 — (.
@ the players who play 2 in G — play 2 in G w.p. C.
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General two-strategy anonymous games

n-smoothed version of an anonymous game

Let G = (n,2, {u }:e[n],;e{l 2}) be an anonymous game. For 1) > 0, the n-smoothes
version of G is a game G = (n, 2, {{}ic[.je(1,23) defined as follows.

Let X(_X,) = Ze#, X; denote the sum of n — 1 Bernoulli random variables:
@ x of them have expectation equal to (1 —7), and

@ the remaining ones have expectation equal to 7.

The payoff E}(X) obtained by player i € [n] for playing strategy j € {1,2} against
x€{0,1,....,n—1}is

gj(x) : Z i(y) - PrIX®) = y] = E[(X®))].
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The algorithm

Algorithm 3: Approximate NE general payoffs

Data: ¢; query access to utility function u of n-player anonymous game G; parameters 7 (failure
probability), ¢ (accuracy of queries).
Result: O (¢)-NE of G.
begin
Set ¢ = e. Let G be the ¢(-smoothed version of G, as in Definition 7.1.
// By Lemma 7.1 and Lemma 7.5 it follows that
// G is A-Lipschitz for A = O(1/¢y/n).
Apply Algorithm 2 to G, simulating each all-players d-accurate query to G using multiple queries
according to Lemma 7.2.
Let § be the obtained pure profile solution to G.
Construct p by replacing probabilities of 0 in p with ¢ and probabilities of 1 with 1 — (.
return p.
end
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General two-strategy anonymous games

Lemma 7.2 (Simulation of a query to G)

Let §,7 > 0. Let X be the sum of n — 1 Bernoulli random variables representing a
mixed profile of n — 1 players in an 2-strategy n-player anonymous game G.

Suppose we want to estimate, with additive error §, the expected payoffs
E[u}(X)] for all i € [n], j € {1,2}. This can be done w.p. > 1 — 7 using
(1/262) - log(4n/7) all-players queries.

@ Draw a set of N random samples {Z1,...,Zy} from X.

@ Compute each Z; as a sum of 0/1 outcomes of n — 1 biased coin flips.
@ For each Z; and each j € {1,2}, make an all-players query telling us

9 ui(Zy), for each i.

@ Total of 2N queries are made.
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General two-strategy anonymous games

Proof of Lemma 7.2 (contd.)

o Let U =% S ui(Zy) (our estimate).
o E[U]] = E[uj(X)].

@ Using Hoeffding's inequality,

Pr HUJ - E[uj'.'(X)]‘ > 6] < 2e 2N

@ We need that 2e—25°N < 7/2n.
* 2n to estimate; all i & each j € {1,2}.
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Lemma 7.1 [Daskalakis & Papadimitriou @J. Econom. Theory 2015]

X, Y: two random variables over {0,..., n} such that

1 n
IIX = Y]||rv = E-Xz:%wr[x =x] - PrlY =x]| <.

Then, for f:{0,...,n} — [0,1],

Z f(x) - (Pr[X = x] — Pr[Y = x]) < 24.
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General two-strategy anonymous games

Let XU =3 1
@ E[Xi]=1—forall i <j;
@ E[Xi] =( forall i > j.

Then, for all j € [n], we have

Xi be the sum of n independent 0/1 random variables where

qu—l,n> _ XU

olh)
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General two-strategy anonymous games

Let XU .= > icy Xi be the sum of n independent 0/1 random variables where
@ E[X]=1-(forall i <j;
@ E[Xi] =( forall i > j.

Then, for all j € [n], we have

G-1m) _ G| 1

HX A TV O(C\/ﬁ)'

@ Hence, 1

(x—=1,n) _ y/(x,n) _
HX X Tv_o((\/ﬁ>
n—1
= |a(x—1)—a() = > uy) PrixY =y - Z i(y) - PrIx®) =y

y=0

-1
STPAXYTY =y - Prix™) =

= 4o <o(a7)

for all x € [n — 1] (by Lemma 7.1).
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General two-strategy anonymous games

Let G = (n,2,{@]}ic[n je1,2)) be an anonymous game.

For 1/e = O(n~'/*), Algorithm 3 can be used to find (with prob. > 3/4) an e-NE

of G, using O(n%/2 - log? n) single-payoff queries in time O(n*2 - log® n).
o Algorithm 2 finds a pure O (# n 6>-WSNE of G.
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General two-strategy anonymous games

Let G = (n,2,{@]}ic[n je1,2)) be an anonymous game.

For 1/e = O(n~'/*), Algorithm 3 can be used to find (with prob. > 3/4) an e-NE

of G, using O(n%/2 - log? n) single-payoff queries in time O(n*2 - log® n).
o Algorithm 2 finds a pure O (# n 6>-WSNE of G.

@ Simulate each d-accurate query to G by (1/2062)log(4n/7) randomized
queries to G with error prob. < 7.

@ In total, O(log n - (1/6%)log(n/7)) all-players payoff queries to G.
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General two-strategy anonymous games

Let G = (n,2,{@]}ic[n je1,2)) be an anonymous game.

For 1/e = O(n~'/*), Algorithm 3 can be used to find (with prob. > 3/4) an e-NE

of G, using O(n%/2 - log? n) single-payoff queries in time O(n*2 - log® n).
o Algorithm 2 finds a pure O (# n 6>-WSNE of G.

@ Simulate each d-accurate query to G by (1/2062)log(4n/7) randomized
queries to G with error prob. < 7.

@ In total, O(log n - (1/6%)log(n/7)) all-players payoff queries to G.

@ Mapping the found pure approx. NE of G to G by
@ the players who play 1 in G — play 1in G w.p. 1 —¢.
@ the players who play 2 in G — play 2 in G w.p. (.
@ At most ( more “regret” incurred.
eg., ui(y) & (1-¢) - uiy) + ¢ us(y).
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General two-strategy anonymous games

Let G = (n,2,{@}}ic[nje{1,2}) be an anonymous game.

For 1/e = O(n~/#), Algorithm 3 can be used to find (with prob. > 3/4) an e-NE
of G, using O(n%2 - log? n) single-payoff queries in time O(n*? - log? n).

@ Setting 6 = ¢ =1/y/n, 7 =1/(16log n), we find an O(1/+/n)-NE using
O(y/n - log? n) all-players queries w.p. > 3/4.

o A family of algorithm parameterized by ¢, i.e., the solutions to

e=C+3d+1/(¢Cy/n) (foree[n1/41)).
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Lower bound*

An Q(log n) lower bound (for e-WSNE)

For any € € [0,1), any randomized all-players query algorithm must make
Q(log n) queries to find an e-WSNE of G, in the worst case.
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The following work

@ Yu Cheng, llias Diakonikolas, Alistair Stewart: Playing Anonymous
Games using Simple Strategies. arXiv (25 Aug. 2016).
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Donald E. Knuth Prize 2016

The highest honor in theoretical computer science

Noam Nisan

School of Computer Science and Engineering,
Hebrew University of Jerusalem

@ Association for
Computing Machinery

ACM Awards Knuth Prize to Pioneer of Algorithmic Game Theory

Hebrew University's Nisan Cited for Fundamental and Lasting Contributions to
Theoretical Computer Science

New York, September 8, 2016 —The 2016 Donald E. Knuth Prize will be awarded to EFFTTBIEEN of the
Hebrew University of Jerusalem for fundamental and lasting contributions to theoretical computer science in
areas including communication complexity, pseudorandom number generators, interactive proofs, and
algorithmic game theory. The Knuth Prize(7 is jointly bestowed by the ACM Special Interest Group on
Algorithms and Computation Theory (SIGACT) and the IEEE Computer Society Technical Committee on the
Mathematical Foundations of Computing (TCME). It will be presented at the 57th Annual Symposium on
Foundations of Computer Science (FOCS 2016)(# in New Brunswick, NJ, October 9-11.
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Thank you.
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