
Query complex. of ǫ-NE in Anony. Games

Query Complexity of Approximate Equilibria in
Anonymous Games

Paul W. Goldberg and Stefano Turchetta

The 11th Conference on Web and Internet Economics (WINE 2015) 357–369.

Speaker: Joseph Chuang-Chieh Lin

Institute of Information Science
Academia Sinica

Taiwan

4 November 2016

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 1 / 60



Query complex. of ǫ-NE in Anony. Games

Authors

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 2 / 60



Query complex. of ǫ-NE in Anony. Games

NE, ǫ-NE, ǫ-WSNE

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 3 / 60



Query complex. of ǫ-NE in Anony. Games

NE, ǫ-NE, ǫ-WSNE

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 4 / 60



Query complex. of ǫ-NE in Anony. Games

NE, ǫ-NE, ǫ-WSNE

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 5 / 60



Query complex. of ǫ-NE in Anony. Games

NE, ǫ-NE, ǫ-WSNE

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 6 / 60



Query complex. of ǫ-NE in Anony. Games

NE, ǫ-NE, ǫ-WSNE

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 7 / 60



Query complex. of ǫ-NE in Anony. Games

NE, ǫ-NE, ǫ-WSNE

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 8 / 60



Query complex. of ǫ-NE in Anony. Games

NE, ǫ-NE, ǫ-WSNE

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 9 / 60



Query complex. of ǫ-NE in Anony. Games

Outline

1 Introduction
Anonymous games
Query models
Related work

2 Exact NE
A lower bound
A game whose solution must have irrational numbers
Exact NE of symmetric anonymous games
Self-anonymous games

3 Main results: on two-strategy anonymous games
Two-strategy Lipschitz games
General two-strategy anonymous games
Lower bound*

4 The following work

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 10 / 60



Query complex. of ǫ-NE in Anony. Games

Introduction

Anonymous games

Anonymous games

k-strategy anonymous games

(n, k , {uij}i∈[n], j∈[k]):
n: # players;

k : # pure strategies per player;

uij :
∏k

n−1 7→ [0, 1]: utility function
∏k

n−1 := {(x1, . . . , xk) ∈ ([k] ∪ {0})k |
∑

j∈[k] xj = n − 1}.
⋆ All possible ways to partition n − 1 players into the k strategies.

Polynomial size representation.

n · k · |
∏k

n−1 | = n · k ·
(

n−1+k−1
k−1

)

= O(nk).

The payoff to a player: does NOT depend on their identities.

Examples: voting systems, traffic routing, auction settings, . . . .
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Introduction

Anonymous games

Anonymous games (contd.)

Xi : A mixed strategy of player i ;
E[Xi ] = (pi1, . . . , p

i
k).

pi
j : the prob. that player i plays strategy j .

X−i :=
∑

ℓ∈[n]\{i} Xℓ.

E[uij (X−i )] :=
∑

x∈
∏k

n−1
uij (x) · Pr[X−i = x ].

Let X := (Xi ,X−i ). Then

E[ui (X )] :=
k

∑

j=1

pij · E[uij (X−i )] → expected payoff of player i
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Introduction

Anonymous games

Two-strategy anonymous games

pi := E[Xi ]: a mixed strategy of player i .

Xi : Indicator r.v.; whether player i plays strategy 1.

X−i :=
∑

ℓ∈[n]\{i} Xℓ.

E[uij (X−i )] :=
∑n−1

x=0 u
i
j (x) · Pr[X−i = x ].

Let X := (Xi ,X−i ). Then

E[ui (X )] :=

2
∑

j=1

pij · E[uij (X−i )] → expected payoff of player i
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Introduction

Anonymous games

Concepts of equilibria

Xi is a best-response iff E[ui (X )] ≥ E[uij (X−i )].

A Nash equilibrium (NE): requires each player to be best-responding
to each other.

(Xi )i∈[n] is an
ǫ-approximate Nash equilibrium (ǫ-NE) if ∀i ∈ [n], ∀j ∈ [k],

E[ui (X )] + ǫ ≥ E[uij (X−i )].

ǫ-approximate well-supported Nash equilibrium (ǫ-WSNE) if
∀i ∈ [n], ∀j ∈ [k], and ∀ℓ ∈ supp(E[Xi ]),

E[uiℓ(X−i )] + ǫ ≥ E[uij (X−i )].
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Introduction

Anonymous games

Sub-classes of anonymous games

Symmetric

∀i , ℓ ∈ [n], ∀j ∈ [k], ∀x ∈ ∏k

n−1, that u
i
j (x) = uℓ

j (x) (sharing the same utility function).

Self-anonymous

∀i , ℓ ∈ [n], ∀j ∈ [k], ∀x ∈ {y ∈
∏k

n−1 | yℓ 6= 0}, that ui
j (x) = ui

ℓ(x + ej − eℓ)

(one does NOT distinguish herself from the others).

Self-symmetric

symmetric + self-anonymous.

Lipschitz

Every player’s utility function is Lipschitz continuous.

∀i ∈ [n], j ∈ [k], ∀x , y ∈ ∏k

n−1, that
∣

∣ui
j (x)− ui

j (y)
∣

∣ ≤ λ||x − y ||1.
λ ≥ 0: the Lipschitz constant.
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Introduction

Query models

Query models

Goal: Finding equilibria while checking only a small fraction of the
O(nk) payoffs of the game.

Single-payoff query

Given: i ∈ [n], j ∈ [k], and x ∈ ∏k
n−1.

Return: uij (x).

Query complexity of an algorithm: the expected # single-payoff
queries it needs in the worst case.
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Introduction

Query models

Query models (contd.)

All-players query

Given: a pair (j , x) for j ∈ [k], x ∈ ∏k
n−1.

Return: (u1j (x), u
2
j (x), . . . , u

n
j (x)).
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Introduction

Related work

Issues in complexities

Computing an exact NE: PPAD-complete (normal-form)
[Daskalakis, Goldberg, Papadimitriou @STOC’06].

BIMATRIX is PPAD-complete & does NOT have a FPTAS unless
PPAD ⊆ P [Chen, Deng, Teng @FOCS’06].

To find an ǫ-NE in an anonymous games with 7 strategies:
PPAD-complete [Chen, Durfee, Orfanou @STOC’15].

Yet, there exists a sub-exponential time algorithm to find an ǫ-NE
(normal-form) [Lipton, Markakis, Mehta @EC’03].

OPEN: Existence of a PTAS for these games.

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 18 / 60



Query complex. of ǫ-NE in Anony. Games

Introduction

Related work

Issues in complexities

Computing an exact NE: PPAD-complete (normal-form)
[Daskalakis, Goldberg, Papadimitriou @STOC’06].

BIMATRIX is PPAD-complete & does NOT have a FPTAS unless
PPAD ⊆ P [Chen, Deng, Teng @FOCS’06].

To find an ǫ-NE in an anonymous games with 7 strategies:
PPAD-complete [Chen, Durfee, Orfanou @STOC’15].

Yet, there exists a sub-exponential time algorithm to find an ǫ-NE
(normal-form) [Lipton, Markakis, Mehta @EC’03].

OPEN: Existence of a PTAS for these games.

Joseph C.-C. Lin (Academia Sinica, TW) Query complex. of ǫ-NE in Anony. Games 4 November 2016 18 / 60



Query complex. of ǫ-NE in Anony. Games

Introduction

Related work

Issues in complexities (PTAS for anonymous games)

Anonymous games admit a PTAS [Daskalakis & Papadimitriou
@FOCS’07].

Currently best (two-strategy): O(poly(n) · (1/ǫ)O(log2(1/ǫ))), where
poly(n) ≥ n7 [Daskalakis & Papadimitriou @STOC’09].

k-strategy anonymous games admit an o(nk) PTAS
[Daskalakis, De, Tzamos + Diakonikolas, Kane, Stewart 2015].
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Introduction

Related work

Issues in complexities (query complexity)

Exponential (deterministic/randomized) lower bounds for finding an
ǫ-NE of n-player games.

Such bounds do NOT hold in anonymous games.
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Introduction

Related work

Contribution of this paper

Exact NE:

Ω(n2) single-payoff queries for two-strategy anonymous games.

An example of anonymous games whose unique NE needs all players to
randomize with an irrational amount of probability.

Tight query complexity bounds for finding pure NE in 2-strategy
symmetric & k-strategy self-symmetric anonymous games.
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Introduction

Related work

Contribution of this paper (contd.)

ǫ-NE:

“0” queries for finding an O(n−1/2)-WSNE for self-anonymous games.

2-strategy anonymous game G 7→ 2-strategy self-anonymous game G ′.
∃ FPTAS for G ′ ⇒ ∃ FPTAS for G

A query-efficient algorithm that finds an ǫ-pure-NE in 2-strategy
Lipschitz games (main subroutine).

A randomized PTAS for 2-strategy anonymous games.

For any ǫ ≥ n−1/4, it finds an O(ǫ)-NE with Õ(n3/2) single-payoff
queries and runs in time Õ(n3/2).
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Exact NE

On exact NE
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Exact NE

A lower bound
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Exact NE

A lower bound

n/2 majority-seeking players and n/2 minority-seeking players.

x : (expected) # players other than i who play 1.
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Exact NE

A lower bound

P i
1(s) := E[ui

1(x)− ui
2(x)] = ( x

n
− 1

2
+ 1

2n
).

The incentive for a majority player i ′ to play 1 is
∑

i 6=i′
pi
n
− n−1

2n
.

✄
∑

i 6=i′ pi =
n−1
2

.
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Exact NE

A lower bound

Suppose that a majority player i ′ mixes with pi′ ∈ (0, 1).

E[#players of strategy 1−#players of strategy 2] < 1.

No majority player may use pure strategy, otherwise he would deviate to the
opposite one.

Hence all majority players must MIX (the case for minority players is similar).
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Exact NE

A lower bound

Suppose all players play pure strategies.

If strategy 1 and 2 are both played by the same number of players, then all
majority players will want to switch.

If not, say strategy 1 is used by > n/2 players, it will be being used by a minority

player who will want to switch!
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Exact NE

A game whose solution must have irrational numbers

An example of having unique & fully-mixed NE with irrationals
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Exact NE

Exact NE of symmetric anonymous games

On symmetric anonymous games

Proposition 4.1

A pure NE of any 2-strategy n-player symmetric anonymous game can be
found with O(log n) single-payoff queries.

Note: Every 2-strategy symmetric game has a pure NE [Cheng et al. 2004].
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Exact NE

Exact NE of symmetric anonymous games
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Exact NE

Exact NE of symmetric anonymous games
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Exact NE

Exact NE of symmetric anonymous games

Sketch of the proof of Proposition 4.1

Prove it by induction on k :

If a pure NE is in the search space of the k-th round and not yet bound, then there is a

pure NE in the search space of round k + 1.

The base is trivial since the search space is {0, . . . , n − 1}.
Suppose that after k-th round a pure NE is still in the search space
but not found yet.

Let {αk , . . . , βk} be the search space at step k , mk := ⌊(α+ β)/2⌋.
⋆ By construction, u1(αk) > u2(αk) & u1(βk − 1) < u2(βk − 1).

Case “u1(mk − 1) < u2(mk − 1)”:

The search space: {αk , . . . ,mk}.
Check a pure NE is at an x ≤ mk − 1.

Such an x must exist.

Case “u1(mk) ≥ u2(mk)”: similarly holds.
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Exact NE

Exact NE of symmetric anonymous games

On symmetric anonymous games (contd.)

Proposition 4.2

Any algorithm that finds a pure NE in a 2-strategy n-player self-symmetric
anonymous game needs Ω(log n) single-payoff queries in the worst case.

Such a game can be defined in terms of a utility function
u : {0, . . . , n} 7→ [0, 1].

A pure NE corresponds to a local optimum of u.

We restrict ourselves to functions u having a unique local optimum.
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Exact NE

Exact NE of symmetric anonymous games
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Exact NE

Exact NE of symmetric anonymous games

On k-strategy self-symmetric anonymous games

Every pure-strategy profile yields the same utility to all players.

Such a game possesses a pure NE corresponding to a local optimum of u.

Lemma 4.1

For any constant k, the query complexity of search for a pure NE of k-strategy

self-symmetric anonymous games, is within a constant factor of the query complexity of

searching for a local optimum of the grid graph [n]k−1.

Corollary 4.1

The randomized query complexity of searching for pure NE of self-symmetric anonymous

games is Θ(n(k−1)/2) for constant k ≥ 5.

Corollary 4.2

The deterministic query complexity of searching for pure NE of self-symmetric

anonymous games is Θ(nk−2) for constant k > 2.
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Exact NE

Self-anonymous games

No query is required for self-anonymous games

Lemma 5.1

In any 2-strategy n player self-anonymous game, the mixed-strategy profile

s = ( 1
2
, . . . , 1

2
) is an O(1/

√
n)-WSNE.

Show that for any player i ∈ [n],

|E[ui
1(X−i )]− E[ui

2(X−i )]| ≤
e

π
· 1√

n − 1
.

n−1
∑

x=0

(ui1(x)− ui2(x)) · Pr[X−i = x]

=

n−2
∑

x=0

(ui2(x + 1)− ui2(x)) · Pr[X−i = x] + (ui1(n − 1)− ui2(n − 1)) · Pr[X−1 = n − 1]

=

n−2
∑

x=0

(ui2(x + 1)− ui2(x)) ·
(n − 1

x

)

· 1

2n−1
+ (ui1(n − 1)− ui2(n − 1)) · 1

2n−1

=
1

2n−1

(

n−1
∑

x=1

ui2(x) ·
(

(n − 1

x − 1

)

−
(n − 1

x

)

)

+ (ui1(n − 1)− ui2(0))

)
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Exact NE

Self-anonymous games

Sketch of the proof of Lemma 5.1 (contd.)

For all x = 1, . . . , (n − 1)/2, we have
(

n−1
x−1

)

−
(

n−1
x

)

< 0 and for all

x = (n − 1)/2 + 1, . . . , (n − 1), we have
(

n−1
x−1

)

−
(

n−1
x

)

> 0.

Let ui
2(x) = 0 if x ∈ {1, . . . , (n − 1)/2} and 1 otherwise.

n−1
∑

x=0

(ui1(x)− ui2(x)) · Pr[X−i = x]

≤ 1

2n−1







n−1
∑

x= n−1
2

+1

(

(n − 1

x − 1

)

−
(n − 1

x

)

)

+ 1







. . .

=
1

2n−1
· (n − 1)!

(( n−1
2

)!)2
.

Using Stirling’s bounds:
√
2π · nn+1/2 · e−n ≤ n! ≤ e · nn+1/2 · e−n, we obtain that

the above is at most e
π
· 1√

n−1
.
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Exact NE

Self-anonymous games

No query is required for self-anonymous games (contd.)

Theorem 5.1

For constant k , in any k-strategy n-player self-anonymous game, letting every

player randomized uniformly is an O(1/
√
n)-WSNE.

Can be proved by induction (base case: k = 2).

Suppose that it holds that in any (k − 1)-strategy n-player
self-anonymous game, every player i ∈ [n] mixing uniformly is an
o(1/

√
n)-WSNE.
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Exact NE

Self-anonymous games

Proof of Theorem 5.1 (contd.)

Let Gk be a k-strategy self-anonymous game.

X
(ℓ)
i : indicating whether player i plays strategy ℓ.

X
(k)
−i :=

∑

j 6=x X
(k)
j , # players other than i playing k in Gk .

Observe that E[X
(k)
−i ] =

n−1
k

.

Pr
[

X
(k)
−i ≥ 2

k
(n − 1)

]

≤ e−
n−1

2k2 (Chernoff bound).
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Exact NE

Self-anonymous games

Proof of Theorem 5.1 (contd.)

∑

x1+...+xk=n

(ui1(x1, . . . , xk )− ui2(x1, . . . , xk )) · Pr[X
(1)
−i

= x1, . . . ,X
(k)
−i

= xk ]

=
n
∑

xk=0

Pr[X
(k)
−i

= xk ] ·

∑

x1+...+xk−1=n−xk

(ui1(x1, . . . , xk)− ui2(x1, . . . , xk )) · Pr[X
(1)
−i

= x1, . . . ,X
(k−1)
−i

= xk−1 | X (k)
−i

= xk ]

=
n
∑

xk=0

Pr[X
(k)
−i

= xk ] · O
(

1√
n − xk

)

≤
2
k
(n−1)
∑

xk=0

Pr[X
(k)
−i

= xk ] · O
(

1
√

n − 2n/k

)

+

n−1
∑

xk=
2
k
(n−1)+1

e
− n−1

3k2 · 1

≤ O

(
√

k

kn − 2

)

+
k − 2

k
n · e−

n−1

3k2 = O

(

1√
n

)

.
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Main results: on two-strategy anonymous games

Main results:

On finding ǫ-NE of 2-strategy anonymous games
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Main results: on two-strategy anonymous games

Two-strategy Lipschitz games

δ-accurate all-players query

Let (j , x) ∈ {1, 2} × {0, 1, . . . , n − 1} be the input for an all-players query.
For δ ≥ 0, a δ-accurate all-players query returns a tuple of values
(f 1j (x), . . . , f

n
j (x)) such that for all i ∈ [n], |uij (x)− f ij (x)| ≤ δ.

Within an additive error δ of the correct payoffs (u1j (x), . . . , u
n
j (x)).
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Main results: on two-strategy anonymous games

Two-strategy Lipschitz games

The algorithm: Using binary search!

Note: Pure ǫ-NE exists in Lipschitz games [Azrieli & Shmaya 2013].
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Two-strategy Lipschitz games

Theorem 6.1

Let Ḡ =
(

n, 2, {ūij}i∈[n],j∈{1,2}
)

be an n-player, 2-strategy λ-Lipschitz anonymous

game. Algorithm 2 finds a pure 3(λ+ δ)-WSNE using 4 log n δ-accurate

all-players queries.

Suppose that the output p̄ could not be constructed as the way described in the

algorithm.

Suppose: > x + 1 players are required to play 1 due to satisfying

ūi
1(x)− ūi

2(x) > 2δ.

φ(x + 1) = BR1(x + 1)− (x + 1) ≤ 0 ⇒ n − (x + 1) players whose payoffs to play
2 are at most 2δ less than their payoffs to play 1 (when x +1 other players play 1).

When they play 2, they are 2δ-best-responding if x + 1 players play 1.

Lipschitz condition ⇒ 2(λ+ δ)-best-responding if x players play 1.

So there is in fact a solution with only x + 1 players playing 1.
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General two-strategy anonymous games

Overview of the approach for general 2-strategy anonymous games

We have a 2-strategy n-player anonymous game G .

“Smooth” every player’s utility function s.t. G → λ-Lipschitz Ḡ , for some λ.

The payoff received in Ḡ by player i when x other players playing 1 is given
by the expected payoff received in G by player i when

x other players play 1 w.p. 1− ζ &

n − 1− x other players play 1 w.p. ζ.

⋆ Ḡ : an O
(

1
ζ
√
n

)

-Lipschitz game.

Dealing with Ḡ by Algorithm 2.

But we are NOT allowed to query Ḡ directly...

Simulating each query to Ḡ with a small number of queries to G .

Mapping the found approx. pure NE of Ḡ to G by

the players who play 1 in Ḡ → play 1 in G w.p. 1− ζ.

the players who play 2 in Ḡ → play 2 in G w.p. ζ.
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Simulating each query to Ḡ with a small number of queries to G .

Mapping the found approx. pure NE of Ḡ to G by
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General two-strategy anonymous games

η-smoothed version of an anonymous game

Let G =
(

n, 2, {ūi
j}i∈[n],j∈{1,2}

)

be an anonymous game. For η > 0, the η-smoothes

version of G is a game Ḡ = (n, 2, {ūi
j}i∈[n],j∈{1,2}) defined as follows.

Let X
(x)
−i :=

∑

ℓ6=i Xℓ denote the sum of n − 1 Bernoulli random variables:

x of them have expectation equal to (1− η), and

the remaining ones have expectation equal to η.

The payoff ūi
j (x) obtained by player i ∈ [n] for playing strategy j ∈ {1, 2} against

x ∈ {0, 1, . . . , n − 1} is

ū
i
j (x) :=

n−1
∑

y=0

u
i
j (y) · Pr[X (x)

−i = y ] = E[ui
j (X

(x)
−i )].
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Main results: on two-strategy anonymous games

General two-strategy anonymous games

The algorithm
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General two-strategy anonymous games

Lemma 7.2 (Simulation of a query to Ḡ )

Let δ, τ > 0. Let X be the sum of n− 1 Bernoulli random variables representing a
mixed profile of n − 1 players in an 2-strategy n-player anonymous game G .

Suppose we want to estimate, with additive error δ, the expected payoffs

E[uij (X )] for all i ∈ [n], j ∈ {1, 2}. This can be done w.p. ≥ 1− τ using

(1/2δ2) · log(4n/τ) all-players queries.

Draw a set of N random samples {Z1, . . . ,ZN} from X .

Compute each Zi as a sum of 0/1 outcomes of n − 1 biased coin flips.
For each Zℓ and each j ∈ {1, 2}, make an all-players query telling us

uij (Zℓ), for each i .

Total of 2N queries are made.
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General two-strategy anonymous games

Proof of Lemma 7.2 (contd.)

Let Û i
j :=

1
N
·∑N

ℓ=1 u
i
j (Zℓ) (our estimate).

E[Û i
j ] = E[ui

j (X )].

Using Hoeffding’s inequality,

Pr
[∣

∣

∣
Û i
j − E[uij (X )]

∣

∣

∣
≥ δ

]

≤ 2e−2δ2N

We need that 2e−2δ2N ≤ τ/2n.

∵ 2n to estimate; all i & each j ∈ {1, 2}.
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General two-strategy anonymous games

Lemma 7.1 [Daskalakis & Papadimitriou @J. Econom. Theory 2015]

X ,Y : two random variables over {0, . . . , n} such that

||X − Y ||TV =
1

2
·

n
∑

x=0

|Pr[X = x ]− Pr[Y = x ]| ≤ δ.

Then, for f : {0, . . . , n} 7→ [0, 1],

n
∑

x=0

f (x) · (Pr[X = x ]− Pr[Y = x ]) ≤ 2δ.
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General two-strategy anonymous games

Lemma 7.5

Let X (j,n) :=
∑

i∈[n] Xi be the sum of n independent 0/1 random variables where

E[Xi ] = 1− ζ for all i ≤ j ;

E[Xi ] = ζ for all i > j .

Then, for all j ∈ [n], we have

∥

∥

∥
X

(j−1,n) − X
(j,n)

∥

∥

∥

TV
= O

(

1

ζ
√
n

)

.

Hence, ∥

∥

∥X
(x−1,n) − X (x,n)

∥

∥

∥

TV
= O

(

1

ζ
√
n

)

⇒ |ūij (x − 1)− ūij (x)| =

∣

∣

∣

∣

∣

∣

n−1
∑

y=0

uij (y) · Pr[X
(x−1)
−i

= y ]−
n−1
∑

y=0

uij (y) · Pr[X
(x)
−i

= y ]

∣

∣

∣

∣

∣

∣

= uij (y) ·

∣

∣

∣

∣

∣

∣

n−1
∑

y=0

Pr[X
(x−1)
−i

= y ]− Pr[X
(x)
−i

= y ]

∣

∣

∣

∣

∣

∣

≤ O

(

1

ζ
√
n

)

for all x ∈ [n − 1] (by Lemma 7.1).
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General two-strategy anonymous games

Theorem 7.1

Let G =
(

n, 2, {ūij}i∈[n],j∈{1,2}
)

be an anonymous game.

For 1/ǫ = O(n−1/4), Algorithm 3 can be used to find (with prob. ≥ 3/4) an ǫ-NE

of G , using O(n3/2 · log2 n) single-payoff queries in time O(n3/2 · log2 n).

Algorithm 2 finds a pure O
(

1
ζ
√
n
+ δ

)

-WSNE of Ḡ .

Simulate each δ-accurate query to Ḡ by (1/2δ2) log(4n/τ) randomized
queries to G with error prob. ≤ τ .

In total, O(log n · (1/δ2) log(n/τ)) all-players payoff queries to G .

Mapping the found pure approx. NE of Ḡ to G by

the players who play 1 in Ḡ → play 1 in G w.p. 1− ζ.
the players who play 2 in Ḡ → play 2 in G w.p. ζ.

At most ζ more “regret” incurred.
e.g., ui

1(y) ⇔ (1− ζ) · ui
1(y) + ζ · ui

2(y).
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General two-strategy anonymous games

Theorem 7.1

Let G =
(

n, 2, {ūij}i∈[n],j∈{1,2}
)

be an anonymous game.

For 1/ǫ = O(n−1/4), Algorithm 3 can be used to find (with prob. ≥ 3/4) an ǫ-NE

of G , using O(n3/2 · log2 n) single-payoff queries in time O(n3/2 · log2 n).

Setting δ = ζ = 1/ 4
√
n, τ = 1/(16 log n), we find an O(1/ 4

√
n)-NE using

O(
√
n · log2 n) all-players queries w.p. ≥ 3/4.

A family of algorithm parameterized by ǫ, i.e., the solutions to
ǫ = ζ + δ + 1/(ζ

√
n) (for ǫ ∈ [n−1/4, 1)).
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Lower bound*

An Ω(log n) lower bound (for ǫ-WSNE)

Theorem 7.2

For any ǫ ∈ [0, 1), any randomized all-players query algorithm must make

Ω(log n) queries to find an ǫ-WSNE of Gn in the worst case.
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The following work

The following work

Yu Cheng, Ilias Diakonikolas, Alistair Stewart: Playing Anonymous
Games using Simple Strategies. arXiv (25 Aug. 2016).
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Thank you.
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