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Introduction

Authors

“Will you come to FOCS? This decision depends on many
factors, but one of them is HOW MANY other theoreticians will

come.”
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The Two-strategy Case

PTAS for two-strategy anonymous games

The main idea:

@ Round the mixed strategies of the players to some nearby multiple
of €.

@ Each such quantized mixed strategy can be considered as a pure
strategy.

@ Exhaustively search for the solution (polynomial time in n).

* The only problem: Why should the expected utilities before and after
the quantization be close?
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The Two-strategy Case

Rough idea of the key probabilistic lemma

@ Players strategies: n Bernoulli random variables.
@ with probabilities p1, pa, ..., pn)-

@ There exists a way to round the probabilities to multiples of 1/z, for
any z, so that:
@ the distribution of the sum of these n random variables is affected only
by an additive O(1/4/Z) in total variational (TV) distance.
@ Such a TV distance is independent of n.

> O(n'/¥*) PTAS to find an O(1/,/z)-NE for a two-strategy
anonymous game.
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The Two-strategy Case

The total variation distance (recall)

The total variation distance
P, Q: two distributions supported by a finite set A.

IB—Qll 2 B~ Qllrv =3 - 3 IB(a) - Qo).

acA

Recall: For f : {0,...,n} —[0,1],

D fa) - (P(a) — Q(a)) < 26.

acA

if [|[P—Q| <6é.
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The Two-strategy Case

The main theorem

@ {p;}i_;: arbitrary probabilities, pi € [0,1] for i =1,...,n.

@ {Xi}i_;: independent indicator random variables, E[X;] = p;.

@ z > 0: a positive integer.
Then there exists another set of probabilities {g;}7_;, gi € [0, 1] for i € [n], which satisfy
the following properties:

Q |gi— pi| = O(1/2), for all i € [n].

@ g is an integer multiple of 1/z, for all i € [n].

@ if {Yi}_; are independent indicator random variables such that E[Y;] = g;, then

[Sx-3v

— ()(2—1/2)7

and for all j € [n],

dXi=> v =0z,

ihiZj i)
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The Two-strategy Case

The constructive proof for the PTAS for the two-strategy case

There is a PTAS for finding a mixed NE for the two-player anonymous game. I

Sketch of the proof:
@ Let (p1,...,pn) be a mixed NE of the game.

o Claim: qi,...,q, specified by Theorem 1 constitute an
O(1/+/z)-approximated mixed NE.
@ The absolute change of the expected utility of player i: bounded by
2050 Xi = 2o Yill v
o The distribution over Hi_l defined by {p;}"_; is replaced by {gi}"_;:

* Recall: T[;_, = {(x,... ) € (KU {0})* | Sy x = n—1):
the set of all the ways to partition n — 1 players into the k strategies,

R

@ Yet, how to compute such {g;}7_,?
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The Two-strategy Case

Sketch of the proof of Corollary 1 (computation of g;'s)

@ Remember, g; is an integer multiple of 1/z, for each i.

@ We proceed with a related (z + 1)-strategy game, for z = O(E%) and
seek for its pure NE.

The new (z + 1)-strategy game

The j-th pure strategy, j € [z] U {0}, corresponds to a player in
the original game playing strategy 2 w.p. <.

@ The payoffs resulting from the new game: translating the pure
strategy profile into a mixed strategy profile of the original game.
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The Two-strategy Case

Sketch of the proof of Corollary 1 (computation of g;'s)

@ For any player /, with its strategy j € [z] U {0}, and any partition
X € Hiﬂ we can compute its payoff by dynamic programming [e.g.,

Papadimitriou @STOC 2005].

o n9() = n°1/) time overall.

@ The remaining details are omitted.
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The Two-strategy Case

Some naive methods of rounding seem to fail

@ Rounding to the closest multiple of 1/z.
o A counterexample: p; :==1/n, Vi.
@ The trivial rounding make g; := 0, Vi.
> |1 Xi =2 Yilltv = 1—1/eas n— oo.

® Randomized Rounding:
@ Independently rounding each p; to some random g; which is an integer
multiple of 1/z such that E[q;] = p;.
o Seems promising since E[Pr[>", Y; = {]] = Pr[>_, X; = (]
(correct expectation).
> The trouble: E[Pr[>", Y; = {]] is very small.

@ Concentration seems to require z scaling polynomially in n.
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The Two-strategy Case

The intuition of Theorem 1's proof

@ The distribution of ), X; should be close (in TV distance) to a
Poisson distribution of the same mean ). p;.

@ Hence, if we define g;'s (as multiples of 1/z) in such a way that the
means ) . p; and ), g; are close, then the distribution of ). Y;
should be close (in TV distance) to the same Poisson distribution,
and hence to the distribution of ), X.

@ The trouble: approximation by Poisson distribution works well only
when the p;'s are relatively small.
> The approach:

@ Use translated Poisson distributions for those p;'s of intermediate
values.
@ Use Poisson distributions for those p;'s close to 0 or 1.
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The Two-strategy Case

The translated Poisson distributions

The translated Poisson distributions (TP) [Réllin 2006]

We say that an integer random variable Y has a translated Poisson
distribution L(Y) = TP(u,c?) with parameters u and o2 if

L(Y) = Poisson(c? + {p — °}),

where {u — o} represents the fractional part of u — o2
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The Two-strategy Case

Categories of the p;’s

@ First, we define the following subintervals of [0,1] (for some

a € (0,1)):
e L(z) =10, LZ:J).
o My(z) = [l2) 22
o Mo(z) = [£2,1 - L),
o H(z)=[1- 1 1]

@ Denote by £*(z) := {i | E[Xi] € L(2)}
o Similarly for M3(z), M3(z), and H*(z)).
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The Two-strategy Case

Some building blocks

Z Xi = Z Yi S213—04'

i€EL*(2) i€L*(2)

Z X — Z vil| < O( (a+B-1) /2)) + O(Zia) + 0(21/2)+ 0(27(1 6)

i€ M (2) ie M (2)

for some 3 € (0,1) such that o + 3 > 1.

.

@ Symmetric arguments for M3(z) and H*(z).
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The Two-strategy Case

Putting everything together...

Suppose that the random variables {Y;}; are mutually independent.

T

at+pB—-1

=0z ")+ 0z 2 )

+0(z7) + 0(z7YV2) + 0(z~(=A)). (*)

Setting o = 8 = 3, we get (*) = O(z7%/*). More delicate arguments
establish an O(z~/2) bound.
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The Two-strategy Case

Categorize the expectations {E[X]};

1 2 |2/2] 1
0 z Z z 2
° ° ° ° °
fo= {0’9 L= E%) I\zpe) = [LZZJ,H

I} ={i | E[X)] € I}, for j =0,...,[2/2].

L*(z) UM](2) is partitioned into Ig, I*1,..., I], ;5

For j € {0,...,2/2]} with I7 # 0, let I} = {j1,j2,-- -, Jn, }-

For all i € {1,...,n;}, let pi' = E[X},] and (5{ = p{ - %

6 Jan 2017 18 / 30
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The Two-strategy Case

Consider the interval £(z) :=

Define Y;, i € L*(z) via the following iterative procedure.

0 602:0;
Q forj+ Oto [z¥| -1

(a) ._ej—’_zlll’
) mj = {va@'H =S —mp-
)setq{::HTlforizl,...,mj,andq{:zﬁfori:mj—kl,...,nj
) foralli€{1,....n;} let Y; be a {0,1}-randmo variable with

expectation ¢’;
© Suppose that {Y;}cr«(;) are mutually independent.

* It's easy to see that ¢; < % Vj, and m; < n;.
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The Two-strategy Case

Consider the interval £(z) := [0, %) (contd.)

@ For all j,
nj i1 1 .
qu =ml= 4+ (n - mJ)J; =nsEmo = nl+s—en
i=1
. nj
-’ I e
—njz—i— 0 +e€ —e€q1
i=1
I'Ij )
:ZM+EJ—EJ+1.
i=1
Thus, [z*)-1 %=1
S Y=Y YAt

j=0 =1 j=0 =1

|Eie£*(z) E[Yi] - Ziel:*(z) E[Xi]| = |ZIEL*(Z) qi — ZIEL*(Z) pill < %
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The Two-strategy Case

Poisson approximations

Lemma 1.2 [Barbour, Holst, Janson 1992]

Let Ji,...,J, be a sequence of indenpendent random indicators with E[J;] = p;.

Then
n n n 2
ZJ,- — Poisson (Z p,-) H < %

=il i—1 i=1Pi

Let A\, Ao € R \ {0} Then,

||Poisson(A1) — Poisson( Az )| < elM2l — g=Ihi=2al,

O
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The Two-strategy Case

Proof of Lemma 1

S X Y v

= yl-a’
i€EL*(2) i€EL*(2)

@ By Lemma 1.2 we have

> pi o
Z X; — Poisson Z pi |l < % z

< —
ieL*(z) i€eL*(z) Diec *(2) Pi z
and
2
i *(z q; @
Z Y; — Poisson Z qi < ZL()Z < z_'
ieL* ieL*(z) ZiEE* ) di z
So,
I D [ P
! = zl-« € € - zl-a’
i€L*(z) i€eL*(z)

22 / 30
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The Two-strategy Case

Consider the interval M;(z) := [L

Define Y}, i € Mj(z) via the following iterative procedure.

Q for j < |[z%] to |5]:
(a) =311 6%
b) mj:= 1‘% ;
c) set ¢! =L for i =1,...,m;, and q = Lfori=m+1,...,n;
d) forall i e {1,...,n;}, let Y} be a {0,1}-randmo variable with
expectation ¢/;

(
(
(

@ Suppose that {Y;};ca:(z) are mutually independent.
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The Two-strategy Case

Quality of the rounding procedure

G = Zielj* E[Xi] - Zielj* E[Yi].

Lemma 2.1
Forall j € {[z%,...,[5]},

(@) ¢ 27"15{—mj-%.

(b) 0<G <

(€) 2iesy Var[Xi] = nil-4)+(1-E)TE, 8 - S5 (6
(d)

(e)

d) Tieyr VarlYil = mi(1 = £)+ m2(1 - %),

e Z,e,* Var[X;] — Zielj* Var[Y;] = (1 — %)Q +(mj% — STL(6)?).
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The Two-strategy Case

Proof of Lemma 2

S oXi— > vl <0oz ) 4 0(z7%) + 0(2%) + 0(z~ ),
ieM(2) €M} (2)

for some 3 € (0,1) such that o+ 8 > 1.

@ Let's distinguish two possibilities for | M7 (z)|:
o IMi(2)] < 2
o [Mi(2) > 2%,
* Recall: 8 € (0,1) such that a + 3 > 1.
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The Two-strategy Case

Case 1 of Lemma 2's proof

If |M3 (2)] < 27, then | Sic s X = Sientyio) Yi|

@ Choose a joint distribution on {X;}; U {Yi}; such that Pr[X; # Yi] < 1.

Coupling
X, Y: random variables with distribution P and Q on 2 respectively.

W: a distribution on Q x Q is a coupling of (P, Q) if

® VxeQ 3 g Wixy)=P(x)
O VyeQ X cqW(x,y)=Q).

The coupling lemma
[P — Q|| <Pr[X # Y].

~ams”’
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The Two-strategy Case

Case 2 of Lemma 2's proof

If IM;(2)] > 2°, then

S oXx— 3 v <o) ok )+ ok ).

€M (2) ieM;(2)
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The Two-strategy Case

Approximations by TPs

Lemma 2.4 [Rollin 2006]

Let Ji,...,J, be a sequence of indenpendent random indicators with E[J;] = p;.
Then

Y Pl —pi)+2
27:1 pi(1 - pi)

<

Z-li - TP(ILL,UZ)
i=1

Lemma 2.5 [Barbour & Lindvall @J. Theoret. Prob. 2006]

Let p1, 2 € R and 02,03 € R, \ {0} be such that [u; — 02| < |2 — 02]. Then,

— o2 —o +1
TPz, 02) — TP(uz, o3)|| < 2=tz | lox = oal +1
g1 g1
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The Two-strategy Case
o Let
e p; = E[X], q;i = E[Y]], Vi,
o [ =iy Pi M2 = Diem: Gis
o 01 =Y enm: Pl = pi). 03 = Picpqy ai(1 -

Lemma 2.6

aqi);

For any u € (0, 1) and any set {pi}icz, where p; € [u, 1] for all i € Z, then

2ier PI(L — pi) 1+ 2u + 40® — 8u°
YierPi(l—p) = IOIZ|(1 — u— 42 + 43)

v

For the parameters specified above,

| TP, 03) = TPz, 03)|| < O(K=) + O(K72).

v
Proofs are omitted.
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Thank you.
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