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Prices in Prob. Single Item Auction
Introduction

Motivations

@ Real-time bidding in advertising.
@ ad exchanges.

@ Publishers (like MSN and Yahoo) attempt to maximize the revenue
they collect from the advertisers.

@ Doing so by wisely targeting their ads at right users.
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Prices in Prob. Single Item Auction
Introduction

Probabilistic single-item auction

Probabilistic single-item auction

* Y. Emek, M. Feldman, I. Gamzu, R. P. Leme, & M. Tenneholtz:
Signaling schemes for revenue maximaization. EC'14.

* P. B. Miltersen & O. Sheffet:

Send mixed signals: earn more, work less. EC'12.

Probabilistic single-item auction (in general):
@ Single item, m bidders.

@ The item is chosen randomly from a set of n indivisible goods according to a
distribution p € A(n).
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Probabilistic single-item auction (in general):
@ Single item, m bidders.
@ The item is chosen randomly from a set of n indivisible goods according to a
distribution p € A(n).
@ Second-price auction.

@ Reserve price: a minimum price set by the auctioneer.
* If no bid exceeds the reserve price, the item is left unsold.
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Prices in Prob. Single Item Auction
Introduction

Probabilistic single-item auction

Probabilistic single-item auction

* Y. Emek, M. Feldman, I. Gamzu, R. P. Leme, & M. Tenneholtz:
Signaling schemes for revenue maximaization. EC'14.

* P. B. Miltersen & O. Sheffet:

Send mixed signals: earn more, work less. EC'12.

Probabilistic single-item auction (in general):
@ Single item, m bidders.
@ The item is chosen randomly from a set of n indivisible goods according to a
distribution p € A(n).
@ Second-price auction.

@ Reserve price: a minimum price set by the auctioneer.
* If no bid exceeds the reserve price, the item is left unsold.
* The player with the highest bid gets the item.
@ The price: second highest bid (no less than the reserve price).
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Prices in Prob. Single Item Auction
Introduction

Contribution of this paper

@ Extend the previous framework by allowing actions with reserved
prices.

@ Investigate the effect of limiting # different reserve prices on the
revenue.

@ Bounding Ry/Rw.
& Ry: the max. possible expected revenue using £ different reserve prices.

o Efficient algorithms for computing the optimal set of reserve prices.
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The Model

The Model

@ n impression types.

@ m bidders.

@ Each bidder d; has a value v(i,j) > 0 for impression type t;.

@ Each impression of type t; arrives with prob. p;.

@ The auction mechanism can set up to /¢ reserve prices ry, ra, ..., .
@ Every t; is assigned r/ = maxycpg{rk | r« < v(i,j) for some j € [m]}.

o 0 if there is no such reserve price.
* The auctioneer is familiar with bidders’ values.
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The Model

The Model (contd.)

@ Whenever an impression of type t; arrives, bidders are notified about its
exact type and then bidder d; declares a bid b(i, ).

@ dp, ds: the bidders with the 1st & the 2nd highest bids, resp.

@ The bidder winning the good and the payment are determined by:
o if b(i, h) < r/, no bidder gets the item;

o if b(i,s) < rl < b(i,h), bidder dj, gets the item and pays r/;

o if r/ < b(i,s), bidder dj, gets the item and pays b(/,s).
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Prices in Prob. Single Item Auction
The Model

The Model (contd.)

Whenever an impression of type t; arrives, bidders are notified about its
exact type and then bidder d; declares a bid b(i, ).

dp, ds: the bidders with the 1st & the 2nd highest bids, resp.

The bidder winning the good and the payment are determined by:
if b(i, h) < r/, no bidder gets the item;

if b(i,s) < r! < b(i, h), bidder dj gets the item and pays r/;
if r/ < b(i,s), bidder dj gets the item and pays b(/, s).

Truthful for every given choice of reserve prices.

Declaring b(i, j) = v(i,j) is a weakly dominant strategy for bidder dj.

Joseph C.-
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Prices in Prob. Single Item Auction
The Model

An Example

Value | Reserve Prices
b 7312 Ry | 16/4 {5}
’ 5651 Ry | 18/4 {6, 5}
R 19/4 {7,5,2}
h: 7652 R | 20/4 {7,6,5,2}

@ Ry: the expected revenue when the best choice of < £ reserve prices are used.

@ h;: the maximal value given by any bidder for impression of type t;.

Observation 1

Reo = 3211 hi - pi.
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Prices in Prob. Single Item Auction
The Model

An Example

l~(5+5+5+1)= 16
rirhrir 4 4
5550 Value | Reserve Prices
7312 R, | 16/4 @s)
b (5 65 1) R, | 18/4 {6,5}
Ry | 19/4 {7.5,2}
7652 R. | 20/4 | {7,652}

@ Ry: the expected revenue when the best choice of < £ reserve prices are used.

@ h;: the maximal value given by any bidder for impression of type t;.

Observation 1
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Prices in Prob. Single Item Auction
The Model

An Example

1‘(6+6+5+1)= 18
rirhrir 4 4
6650 Value | Reserve Prices
7312 Ry | 16/4 {5}
b (5 65 1) Ry | 18/4 ds. 5D
Ry | 19/4 {752}
I 7652 R.. | 20/4 {7,6,5,2}

@ Ry: the expected revenue when the best choice of < £ reserve prices are used.

@ h;: the maximal value given by any bidder for impression of type t;.

Observation 1
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Prices in Prob. Single Item Auction
The Model

An Example

l(7-&-5-&-5—!—2): 9
rirhrir 4 4
7559 Value | Reserve Prices
7312 Ry | 16/4 {5}
b (5651) R, | 18/4 {6.57
R; | 19/4 (.52
7652 R. | 20/4 | {7,652}

@ Ry: the expected revenue when the best choice of < £ reserve prices are used.

@ h;: the maximal value given by any bidder for impression of type t;.

Observation 1
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Prices in Prob. Single Item Auction
The Model

An Example

l‘(7+6+5+2)= 20
rirhrir 4 4
7659 Value | Reserve Prices
7312 Ry | 16/4 {5}
b (5 65 1) R, | 18/4 {6,5}
Ry | 19/4 {7.5.2}
B 7652 R. [ 204 | .652)

@ Ry: the expected revenue when the best choice of < £ reserve prices are used.

@ h;: the maximal value given by any bidder for impression of type t;.

Observation 1
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Prices in Prob. Single Item Auction
The Model

Bounds on R,/ R

Table 1 Bounds on Ry/Rxo

Case Can be as low as Is at least
Uniform ¢<ml/2¢n  ¢/H, () (I—o(l))-¢/Hy (1)
probabilities ) 1) < ¢ (A+o)-cl—e V) @ A=o)-cl—e ) @
where c = {/Inn where ¢ = ¢/Inn
General All (1+4+o0(1))-2¢/n 3) ¢/n 3)
probabilities
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Bounding Ry /Roo

Bounding Ry/ Ry
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Case I

Uniform Probability Distribution over the Impression Types
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Assume uniform probabilities, we have that

Ri > Roo/Hn,

where H, is the nth harmonic number.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Lemma 1

@ Choose a single reserve price h;
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Lemma 1

@ Choose a single reserve price h; = the auctioneer can get a revenue
of > h; from impression types t1, to, ..., t;.
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Bounding Ry /Roo

Proof of Lemma 1

@ Choose a single reserve price h; = the auctioneer can get a revenue
of > h; from impression types ti, to, ..., t;.
@ Total revenue > i - h;/n.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Lemma 1

@ Choose a single reserve price h; = the auctioneer can get a revenue
of > h; from impression types ti, to, ..., t;.
@ Total revenue > i - h;/n.

o Ifi-hj/n> Ry /H, for some i, then we are done.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Lemma 1

@ Choose a single reserve price h; = the auctioneer can get a revenue
of > h; from impression types ti, to, ..., t;.
@ Total revenue > i - h;/n.

o Ifi-hj/n> Ry /H, for some i, then we are done.
@ Assume the contrary then we get:
R =1

S T hi/n <3 Ru/(i - Ha) = r -ZTZROO
i=1 i=1

moi=1
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Lemma 1

@ Choose a single reserve price h; = the auctioneer can get a revenue
of > h; from impression types ti, to, ..., t;.
@ Total revenue > i - h;/n.

o Ifi-hj/n> Ry /H, for some i, then we are done.
@ Assume the contrary then we get:

Roo =3 hi/n <Y Reo/(i+Hy) = ':w -Z%:Roo
i=1 =1

moi=1

(contradiction)
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

@ We can change Lemma 1 a little bit...
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

o Let E,”/:l hi/n= R, where n’ < n.

@ Assume that /- h;j/n < f\’,,//H,,/ for all /, then we get:

n’ n’ ) I%l n )
izz;hi/n<iz:;Rn’/(i'Hn’): Hn 'Z%:Rn’

n/
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

o Let E,”/:l hi/n= R, where n’ < n.

@ Assume that /- h;j/n < f\’,,//H,,/ for all /, then we get:

R’n/ :Zh,-/n < Zé”,/(i' Hn/) = fln’ . Zl = 'én’
i=1 i=1

n/
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Bounding Ry /Roo

o Let E,”/:l hi/n= R,/ where n’ < n.
@ Assume that /- h;j/n < f\’,,//H,,/ for all /, then we get:

n/

R’n/ :Zh,-/n < Zé”,/(i' Hn/) = fln’ . Zl = 'én’
i=1 i=1

n/

(contradiction)
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

o Let Z,”/:l hi/n= R,/ where n’ < n.

@ Assume that /- h;j/n < f\’,,//H,,/ for all /, then we get:

I%n’ :Zhi/n< Z/%n//(l'- Hn’) = Hi:l/ .
i=1 i=1

x>
[~z
-
Il
:\m>

(contradiction)

.. 3i such that )
i hi > 2lic1 hi/"‘
n H,.,
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Bounding Ry /Roo

o Let Z,”/:l hi/n= R,/ where n’ < n.

@ Assume that /- h;j/n < f\’,,//H,,/ for all /, then we get:

I%n’ :Zhi/n< Z/%n//(l'- Hn’) = Hi:l/ .
i=1 i=1

x>
[~z
-
Il
:\m>

(contradiction)

.. 3i such that
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

@ When / is not too large:

Assume uniform probabilities. Then, for every 1 < /¢ < InY/27€  and an
arbitrarily small € > 0, it always holds that

Re>(1—-0(1))-4/Hp - Reo.
Moreover, there exists an instance with uniform probabilities for which

Ry < {/Hp - Re.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1)

@ Define ¢ = Inn (Note: ¢ < n).

o If Zfil hi/n > Rs/c, then by Lemma 1, Ry is at least:

¥
> i/ Re/c i
==L 1 > - " 2 - ’
o > (1=o(1) s 2 (1= 0(1) 5=
0 R B In€n L
= (1-o(1) n'~€n-Inln°n (1= o(1)) Inln®n Inn Roo
L
> — - —  Reo,
> (1-o0(1)) 8 R
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1)

@ Define c = In“n (Note: ¢ <n). (< Inl/2—¢ p,

o If Zfil hi/n > Rs/c, then by Lemma 1, Ry is at least:

¥
> i/ Re/c i
==L 1 > - " 2 - ’
o 2 (1=o(1) For 2 (1= 0(1) g
(- Ro B In€n L
= (1-o(1) n'~€n-Inln°n (1= o(1)) Inln®n Inn Roo
L
> — - —  Reo,
> (1-o0(1)) 8 R
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1)

@ Define ¢ = Inn (Note: ¢ < n).

o If Zfil hi/n > Rs/c, then by Lemma 1, Ry is at least:

’a
> i/ Re/c i
==L 1 > - " 2 - ’
o > (1=o(1) s 2 (1= 0(1) 5=
0 R B In€n L
= o) e ey = o) ey R
L
> — © 0 Roo,
> (1-o0(1)) 8 R

@ This case is complete because Ry > R;.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1)

@ Define ¢ = Inn (Note: ¢ < n).

o If Zfil hi/n > Rs/c, then by Lemma 1, Ry is at least:

¥
> i/ Re/c i
==L 1 > - " 2 - ’
o > (1=o(1) s 2 (1= 0(1) 5=
0 R B In€n L
= (1-o(1) n'~€n-Inln°n (1= o(1)) Inln®n Inn Roo
L
> — - —  Reo,
> (1-o0(1)) 8 R

@ This case is complete because Ry > R;.

@ Consider the case: Zfil hi/n < Ry /c.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1) (contd.)

@ Define:

I hL,‘,Ck—lj if i-ck 1 <n,
0 otherwise.

@ The ith set of reserve prices: {rc ;|1 <k < /{}.

@ Note that Z’,']:l n,= 27:1 hi =n- [?oo
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1) (contd.)

i = hL,-,ck_1J ifi- Ck71 < n,
! 0 otherwise.

@ Forevery1<i<nm

;.0 ) ¢ s k=Ll _ i k=217, |
i - C,} i, Z [li-c* ] E’/ ] - i <R
k=2

i-n i-(c—2) ‘
s -(c— k—2
— . . . i < R,
n + n E c riei < Re

r c—2 ‘ R
1,i - k—2 L
= — 4 E c e < —
n n ! I
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1) (contd.)

i = hL,-,ck_1J ifi- Ck71 < n,
! 0 otherwise.

@ Forevery1<i<nm

. 4 . k—
Li-c®]-r,; [li-c
>
n k=2

R | Y

n

<R

i-ni  i-(c—2) ‘
= LU ~ch_2'rk,i§Rl

n n

I c—2 a R
1,i k—2 £
= 7’4'_ . 'rk'<7.

§ C S F

19 Feb 2016 24 / 47
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1) (contd.)

@ ‘. h's are non-increasing, for every 2 < k < ¢:

ck—1 ck—1

n ln/ck1] n R H1 g
) 3 S h XL b=
Thoi hLivck_lj > i=ck = Z’—l Zl—l

i=1 i=1

n-Rew —n-Rx/c
ck—1

Y

—n-R, - — 1~
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1) (contd.)

@ ‘. h's are non-increasing, for every 2 < k < ¢:

ck—1 ck—1

n Ln/ck=1] n n k-1_q

g i—ck—1 hi i1 hi — i— h;
Thoi D iy > Lz hi _ Yica 2z

i=1 i=1

n-Rew —n-Rx/c
ck—1

Y

—n-R, - — 1~
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1) (contd.)

@ ‘. h's are non-increasing, for every 2 < k < ¢:

ck—1 ck—1

n L"/Ck_lj n n ko1

i — hi P hi — . h,'
E rei = E hjjc—1) > Lizet — 2iz1 2 iz
i=1 i=1

n-Rew —n-Ry/c
ck—1

1-1/c
k-1

Y

=n-R -

1 by our assumption.

Joseph C.-C. Lin (Academia Sinica, TW) Prices in Prob. Single Item Auction 19 Feb 2016 25 / 47



Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 1)

@ Adding Inequality (1) we have

= R+ (—=1)-(1-2/c)(1—1/c)- R < Ry Hp
= Reo+(l—1)-(1-2/¢)? Rw < Ry - H,

= Ry l-(1-2/c)>)<Ry-H,

N Rgz(1—2/c)2-Hi-Roo:(1—o(1))-Hi.Roo.

n n
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 2: the bound is tight)

@ Consider an instance:
o uniform distribution over the impression types;
@ single bidder;
@ value for t; is 1/i.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 2: the bound is tight)

o Consider an instance:

o uniform distribution over the impression types;
@ single bidder;
@ value for t; is 1/i.

@ Clearly,
@ h; =1/i for every i.

° R = Z?:l(l/i)/” = Ha/n.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 2: the bound is tight)

o Consider an instance:

o uniform distribution over the impression types;
@ single bidder;
@ value for t; is 1/i.

@ Clearly,
@ h; =1/i for every i.

° R = Z?:l(l/i)/” = Ha/n.

@ Let’s try to upper bound Ry.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 2) (contd.)

@ Let 1, m,...,r, be the optimal choice of reserve prices.
@ WLOG, assume that for each i, ri = h; for some 1 < j < n.
@ Assume that every reserve price is unique.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 2) (contd.)

@ Let 1, m,...,r, be the optimal choice of reserve prices.
@ WLOG, assume that for each i, ri = h; for some 1 < j < n.
@ Assume that every reserve price is unique.

@ Ty: a set containing all impression types which yield a revenue of ry.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 2) (contd.)

@ Let 1, m,...,r, be the optimal choice of reserve prices.
@ WLOG, assume that for each i, ri = h; for some 1 < j < n.
@ Assume that every reserve price is unique.

@ Ty: a set containing all impression types which yield a revenue of ry.
o Rg = (1/'7) . Zi:l |Tk| < Fk.
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Prices in Prob. Single Item Auction
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Proof of Theorem 1 (part 2) (contd.)

@ Let 1, m,...,r, be the optimal choice of reserve prices.
@ WLOG, assume that for each i, ri = h; for some 1 < j < n.
@ Assume that every reserve price is unique.

@ Ty: a set containing all impression types which yield a revenue of ry.
o Rg = (1/'7) . Zi:l |Tk| < Fk.

@ If r, = h; for some i, then Ty can contain </ elements 1,1/2,...,1/i.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 1 (part 2) (contd.)

@ Let 1, m,...,r, be the optimal choice of reserve prices.
@ WLOG, assume that for each i, ri = h; for some 1 < j < n.
@ Assume that every reserve price is unique.

@ Ty: a set containing all impression types which yield a revenue of ry.
o Rg = (1/'7) . Zi:l |Tk| < Fk.

@ If r, = h; for some i, then Ty can contain </ elements 1,1/2,...,1/i.
o Ty -ne<i-(1/i)=1.
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Bounding Ry /Roo

Proof of Theorem 1 (part 2) (contd.)

@ Let 1, m,...,r, be the optimal choice of reserve prices.
@ WLOG, assume that for each i, ri = h; for some 1 < j < n.
@ Assume that every reserve price is unique.

@ Ty: a set containing all impression types which yield a revenue of ry.
o Rg = (1/'7) . Zi:l |Tk| < Fk.

@ If r, = h; for some i, then Ty can contain </ elements 1,1/2,...,1/i.
o Ty -ne<i-(1/i)=1.
@ Thus,

19 Feb 2016 28 / 47
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@ For large values of /:

Assume uniform probabilities. Then, for every w(1) < ¢ < n, we have
R > (1—o(1))c (1 . e_1/°> R,
where ¢ = £/ Inn.

Moreover, there exists an instance for which

R, < (1+0(1))- (1 - e_l/c> Reo
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Proof of Theorem 2

o Let b= [¢(1+nlnmy] 41,
@ Try to bound R}, first.

Let B = {t; | hj < hy - e1=D)/c}.
@ Total contribution of B to R, is bounded by

(]

n-(hl . e(l_b)/c> /n < hy-e~(nnthinn b p=ln=1p < Ry-In1n.

@ Hence,

Roo <> hi/n+ Rs-In"1n
i¢B
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 2

o Let b= [¢(1+nlnmy] 41,
@ Try to bound R}, first.

Let B = {t; | hj < hy - e1=D)/c}.
@ Total contribution of B to R, is bounded by

(]

n-(hl . e(l_b)/c> /n < hy-e~(nnthinn b p=ln=1p < Ry-In1n.

@ Hence,
Roo <> hi/n+ Rs-In"1n
i¢B
_ R < Zigghi/n

“1—In"tn
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Proof of Theorem 2 (contd.)

@ x: chosen uniformly at random from [0, 1].

@ Define:
Si={t; ¢ B| hy-e®F79/c > p > py . eI/},

rj:=hy- e(l_j_x)/c, for 1 <j <b.

@ Note: every impression type OUTSIDE B belongs to exactly one ;.
o Each t; € 5; induces revenue > r;.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 2 (contd.)

@ x: chosen uniformly at random from [0, 1].

@ Define:
Si={t; ¢ B| hy-e®F79/c > p > py . eI/},

rj:=hy- e(l_j_x)/c, for 1 <j <b.

@ Note: every impression type OUTSIDE B belongs to exactly one ;.
o Each t; € 5; induces revenue > r;.

@ Let's define b reserve prices to lower bound R.
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Proof of Theorem 2 (contd.)

@ Assume that h; = hy - e(1=¥)/¢ for some Vi.
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Proof of Theorem 2 (contd.)

@ Assume that h; = hy - e(1=¥)/¢ for some Vi.
o t; € Spy1 if x <14y —[y], and t; € Sy otherwise.
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Bounding Ry /Roo

Proof of Theorem 2 (contd.)

S = {t,‘ ¢ B | hy - e@—i=x)/c > h; > hy - e(l—j—x)/c}.

@ Assume that h; = hy - e(1=¥)/¢ for some Vi.
o t; € Spy1 if x <14y —[y], and t; € Sy otherwise.
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Bounding Ry /Roo

Proof of Theorem 2 (contd.)

S = {t,‘ ¢ B | hy - e@—i=x)/c > h; > hy - e(l—j—x)/c}.

@ Assume that h; = hy - el1=y)/¢ for some Yi.
o t; € Spy1 if x <1+ y; — [y, and t; € Spy7_1 otherwise.

@ The expected contribution of t; to Ry is:

yi—[yil 1
/ by - 1T 1=0/e gy 4 / by - 2= TH1=)/e gy
0 Lyi—[yil

1+yi—[yil ~ he. 6(2*’—}’:']*)()/5 1
0 1+y;—T[yil

= mc-e (e —1)=h-c(1—e ).

— . etmli1=xye
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Bounding Ry /Roo

Proof of Theorem 2 (contd.)

@ Assume that h; = hy - e(1=¥)/¢ for some Vi.
o t; € Spy1 if x <14y —[y], and t; € Sy otherwise.

@ The expected contribution of t; to Ry is:

yi—[yil 1
/ by - 1T 1=0/e gy 4 / by - 2= TH1=)/e gy
0 Lyi—[yil

1+yi—[yil ~ he. e(2ffyi1f><)/c 1
0 1+y;—T[yil

= mc-e (e —1)=h-c(1—e ).

— . etmli1=xye

> Total expected contribution of t; ¢ B to Ry is > c(1 — e /¢) - >igg hi/n.
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Proof of Theorem 2 (contd.)

@ Thus, there must exist a set of b reserve prices such that
Ry > c(1—e /). Z,.%B hi/n.
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Proof of Theorem 2 (contd.)

@ Thus, there must exist a set of b reserve prices such that
Ry > c(1—e /). Z,.%B hi/n.

@ By averaging we get:

l 71/C
Rz ) S i/
i¢B
l- C(l _ e—l/c) )
> . 3 .
~ [¢(+4+Inlnn/Inn)]+1 (1-In""n) Rs
0 - (1 —In! n) e
> . 3 '
= {(1+Inlnn/Inn)+2 c(1—en) R
1—o(1)

_ 7oLy _ o 1/ey
= Tromytai e ) R
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Bounding Ry /Roo

Proof of Theorem 2 (contd.)

@ Thus, there must exist a set of b reserve prices such that
Ry > c(1—e /). Z,.%B hi/n.

@ By averaging we get:

£ —1/c
RZZB.C(I_e )'Zhi/n
i¢B

l- C(l _ e—l/c) »
> . B .
~ [¢(+4+Inlnn/Inn)]+1 (1-In""n) Rx

0 - (1 —In! n) e
> . 3 '
= {(1+Inlnn/Inn)+2 c(1—en) R

1—o(1)

_ 7oLy _ o 1/ey
= Tromytai e ) R
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Bounding Ry /Roo

Proof of Theorem 2 (contd.)

@ Thus, there must exist a set of b reserve prices such that
Ry > c(1—e /). Z,.%B hi/n.

@ By averaging we get:

¢ —1/c
RZZB.C(I_e )'Zhi/n
i¢B

l- C(l _ e—l/c) )
> . 3 .
~ [¢(+4+Inlnn/Inn)]+1 (1-In""n) Rs

0 - (1 —In! n) e
> . 3 '
= {(1+Inlnn/Inn)+2 c(1—en) R

1—o(1)

_ 7oLy _ o 1/ey
= Tromytai e ) R

@ We omit the second part of Theorem 2 (similar to that of Theorem 1).
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Case II:

General Probability Distributions over the Impression Types
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Assume . Then, for every 1 < /¢ < n, we have
Re> (¢/n) - R.

Moreover, there exists an instance for which

Re < (1+0(1)) - (£/n) - Reo.
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Proof of Theorem 3

o R ZZ;;lp,'-h,'.
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Proof of Theorem 3

@ Ry = Zlepi . h,‘.
> 3 S of size £ such that Roo < (n/) >, cspi- hi.
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Bounding Ry /Roo

Proof of Theorem 3

[*] Roo = 27:1 Pi h,‘.
> 3 S of size £ such that Roo < (n/) >, cspi- hi.

@ Choose {h; | tj € S} as the set of ¢ reserve prices.
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 3

[*] Roo = 27:1 Pi h,‘.
> 3 S of size £ such that Roo < (n/) >, cspi- hi.

@ Choose {h; | tj € S} as the set of ¢ reserve prices.
> Ry > Et,-es pi - h; > (Z/n) Ry
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Bounding Ry /Roo

Proof of Theorem 3 (second part)

o Let fy, f1,fr, ..., f, be a set of values such that:
e V1<i<n, f(i)=w(n) f(i —1).

@ Consider the instance with single bidder.
@ The value for impression type t; is v(i,1) = 1/f;.
o The prob. of t; is p; := f;/[37_; fi].
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Prices in Prob. Single Item Auction
Bounding Ry /Roo

Proof of Theorem 3 (second part)

o Let fy, f1,fr, ..., f, be a set of values such that:
e V1<i<n, f(i)=w(n) f(i —1).

@ Consider the instance with single bidder.

@ The value for impression type t; is v(i,1) = 1/f;.
o The prob. of t; is p; := f;/[37_; fi].

n

f; _
@ ROO:Z;':lpi/fi:Z?:lm'%;_Z"—

i1 fi
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Bounding Ry /Roo

Proof of Theorem 3 (second part)

o Let fy, f1,fr, ..., f, be a set of values such that:
e V1<i<n, f(i)=w(n) f(i —1).

@ Consider the instance with single bidder.

@ The value for impression type t; is v(i,1) = 1/f;.
o The prob. of t; is p; := f;/[37_; fi].

fi —
° Roo:Z7:1Pi/ﬁ227:1m'%,_z+

i1 fi

@ Now we consider Ry.
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Proof of Theorem 3 (second part contd.)

[

Let ri,ra, ..., r; be the best set of ¢ (unique) reserve prices.

@ WLOG, rx = 1/f; for some i(k).

@ Ty: a set containing all impression types which contribute ry to Ry.
¢

Re =72 k=1 (’k : Zt,-ETk Pi)-

Every t; € Ti \ {tj()} must have i < i(k).
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Proof of Theorem 3 (second part contd.)

@ Hence,
Pi(k n- pik)—1
rk'ZPi < - (Pigky + 1+ pigy-1) = ()—I— f.()
t; €Ty ’( ) ’(k)
- 1 L fivy—1/fiy 1+ 0(1)
Y f i

X

@ Therefore,
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Computing Optimal Reserve Prices

Computing Optimal Reserve Prices
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Theorem 4

The optimal set of reserve prices can be calculated efficiently by dynamic
programming of filling up a table of size n - /.
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Computing Optimal Reserve Prices

@ T(n',¢'): the optimal set of reserve values where only the types
th—n'+1, th—n’+2, - - -, tn and only £ reserve prices are allowed.

* The following discussion focuses on the case of a single bidder.

For every 1 < n’ < n, T(n',1) can be efficiently computed.

@ Check the values hp—py1, hp—prg2, .- -, hp.

Forevery 1 < n’ <nand 1< ¢ </. Given that T(n"”,¢— 1) is known for

every 1 < n” < n, then T(n',¢') can be efficiently computed.

@
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[[lustration of the DP

hi 53 22 @ n<n<...<ry: the set of optimal
501 2 reserve prices for the auction represented
1 320 by T(n',¢').
@ Si: the set of impression types giving
P o revenue of re, 1 < k < /',
1 2 3 4

2 {2 20 {23y {25}
3 {2} {2} {23} {2.3,5)
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Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(4,1):

2
2 @ r; could only be 5, 3 or 2.
0 )

2 {2 20 {23y {25}
3 {2} {2} {23} {2.3,5)
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Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(4,1):

2
2 @ r; could only be 5, 3 or 2.
0 ) @ The corresponding values are 5, 6, and 8.

1 {2} {2} {2} {2}
2 {2} {2} {2.3p {25}
3 {2} {2} {2,3} {2,3,5}
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Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(4,1):

hi 5 3 2 2
50 1 2 @ r; could only be 5, 3 or 2.
( 13 2 0 ) @ The corresponding values are 5, 6, and 8.
@ So we choose {2}.
‘ n'

1 {2} {2} {2} {2}
2 {2} {2} {2.3p {25}
3 {2} {2} {2,3} {2,3,5}
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Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(3,2):

2
2 @ The size of So: 1, 2, or 3.
0 )

2 {2 20 {23y {25}
3 {2} {2} {23} {2.3,5)
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lllustration of the DP (contd.)

Consider T(3,2):

h; : 5 3 2 2
50 1 2 @ The size of S5: 1, 2, or 3.
( 1 3 2 0 ) [~ |f52:{t2},then rn = h = 3.
> {3} U T(2,1) ={2,3} (value: 7).
1 n

2 {2 20 {23y {25}
3 {2} {2} {23} {2.3,5)
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Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(3,2):

h; : 5 3 2 2
50 1 2 @ The size of S5: 1, 2, or 3.
( 1 3 2 0 ) o If 52:{t2}, then rn = hp, = 3.
> {3} U T(2,1) ={2,3} (value: 7).
¢ n @ IfS = {tz, t3}, then rn = h3 = 2.
1 ) 3 4 > {2} U T(1,1) = {2} (value: 6).

1 {2} {2} {2} {2}
2 {2} {2} {2.3p {25}
3 {2} {2} {2,3} {2,3,5}

Joseph C.-C. Lin (Academia Sinica, TW) Prices in Prob. Single Item Auction 19 Feb 2016 45 / 47



Prices in Prob. Single Item Auction
Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(3,2):

hi 5 3 2 2
50 1 2 @ The size of S5: 1, 2, or 3.
( 1 3 2 0 ) o If 52:{t2}, then rn = hp, = 3.
> {3} U T(2,1) ={2,3} (value: 7).
¢ n @ IfS = {tz, t3}, then rn = h3 = 2.
1 ) 3 4 > {2} U T(1,1) = {2} (value: 6).
1 {2} {2} {2} {2} @ If S, ={tr, t3,ts}, then o = hy = 2.
2 {2} {2} {23} {25} > {2} U T(0,1) = {2} (value: 6).

3 {2} {2} {2,3} {2,3,5}
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Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(3,2):

hi 5 3 2 2
50 1 2 @ The size of S5: 1, 2, or 3.
( 1 3 2 0 ) o If 52:{t2}, then rn = hp, = 3.
> {3} U T(2,1) ={2,3} (value: 7).
¢ n @ IfS = {tz, t3}, then rn = h3 = 2.
1 ) 3 4 > {2} U T(1,1) = {2} (value: 6).
1 {2} {2} {2} {2} @ If S, ={tr, t3,ts}, then o = hy = 2.
2 {2} {2} {23} {25} > {2} U T(0,1) = {2} (value: 6).

3 {2} {2} {2,3} {2,3,5}
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lllustration of the DP (contd.)

Consider T(4,2):

2
2 @ Thesize of S50 1, 2, 3, or 4.
0 )

o {2 {22 {2 {2}
2 {z {22 {23 {25
3 {2} {2} {2,3} {2,3,5}
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lllustration of the DP (contd.)

Consider T(4,2):

h; - 5 3 2 2
5 0 1 2 @ Thesize of S50 1, 2, 3, or 4.
( 1 3 2 0) @ If S, ={t1}, then n = hy = 5.
> {5}UT(3,1) = {2,5} (value: 11).
/ n'

o {2 {22 {2 {2}
2 {z {22 {23 {25
3 {2} {2} {2,3} {2,3,5}
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Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(4,2):
@ Thesize of S50 1, 2, 3, or 4.

@ IfS = {tl}, then rn = h; = 5.
> {5}UT(3,1) = {2,5} (value: 11)

@ IfS = {tl, tz}, then rn = h, = 3.

. > {3}UT(2,1) = {2,3} (value: 10)

2 @
2 2 2 @23
3 {2 {8 (23)

{2}
{2,5}
{2,3,5)

Joseph C.-C. Lin (Academia Sinica, TW)
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Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(4,2):
2
2 @ Thesize of S50 1, 2, 3, or 4.
;)

@ IfS = {tl}, then rn = h; = 5.
> {5}UT(3,1) = {2,5} (value: 11).

Y n' @ IfS = {tl, tz}, then rn = h, = 3.
> {3} UT(2,1) = {2,3} (value: 10).

1 2 3 4
1 {2} {2} {2} {2} @ If S, ={t1,tr, t3}, then o = h3 = 2.
2 {2} {2} {23} {25} > {2} U T(1,1) = {2} (value: 8).

3 {2} {2} {2,3} {2,3,5}
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lllustration of the DP (contd.)

Consider T(4,2):

h; - 5 3 2 2
5 0 1 2 @ The size of 55: 1, 2, 3, or 4.
( 1 3 2 0) @ If S, ={t1}, then n = hy = 5.
> {5}UT(3,1) = {2,5} (value: 11).
Vi n @ IfS = {tl, tz}, then rn = h, = 3.
1 ) 3 4 > {3} U T(2,1) ={2,3} (value: 10).

©

1 {2} {2} {2} {2} If S; = {t1, to, t3}, then r, = h3 = 2.

2 {2} {2} {23} {25} > {2} U T(1,1) = {2} (value: 8).

3 & & 23 235 If Sy = {t1,to, t3, ts}, then r, = hy = 2.
> {2} U T(0,1) = {2} (value: 8).

(3
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Computing Optimal Reserve Prices

lllustration of the DP (contd.)

Consider T(4,2):

h; - 5 3 2 2
5 0 1 2 @ The size of 55: 1, 2, 3, or 4.
( 1 3 2 0) @ If S, ={t1}, then n = hy = 5.
> {5} U T(3,1) ={2,5} (value: 11).
Vi n @ IfS = {tl, tz}, then rn = h, = 3.
1 ) 3 4 > {3} U T(2,1) ={2,3} (value: 10).

©

1 {2} {2} {2} {2} If S; = {t1, to, t3}, then r, = h3 = 2.

2 {2} {2} {23} {25} > {2} U T(1,1) = {2} (value: 8).

3 & & 23 235 If Sy = {t1,to, t3, ts}, then r, = hy = 2.
> {2} U T(0,1) = {2} (value: 8).

(3
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Thank you.
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